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BBEJEHHUE

Y4ebHOo-MeToAMueCcKOoe MO0COOUE COACPKUT UHIMBHIYaTbHbIC 3aaHUSI KOHTPOJIbHOU
paboThI 1O qUCHUIUIMHE «BpIcas MaTemMaTrkay JUisl CTy/I€HTOB 3a04HOM (pOpMbI 00yUYeHUs
B TMEPBOM CEMECTpE MpHU MOJHOM Kypce. TemaTwka 3aiaHuil KOHTpOJIbHOM paboThl Nel
OXBAaThIBAET CIIEAYIONINE TEMbl IUCHUIUIMHBI: OCHOBBI JIMHEWHON anreOphl, aHATMTUYECKON
reOMETPUH, BEKTOPHOU anreOphl, TEOpHUH NMpeenoB, mudepeHnanbHoe UCUUCTIEHUE OTHON
Y HECKOJIbKUX TIEPEMEHHBIX.

Kaxxaplii BapraHT KOHTPOJBHOM paboThl BKIO4aeT 16 3amanmii. IlpaBuno BeiOOpa
BapuaHTa CPOPMYIUPOBAHO B COOTBETCTBUU C HOMEPOM 3aYETHOW KHUKKU CTYIEHTA. JTO
MIPaBUJIO IPUBEJICHO TIEPE]] 3aIaHUSIMUA KOHTPOJIBHOM pabOTHI.

B mocobum mnpencTaBieHbl OCHOBHBIC TEOPETUUYECKUMHU TOJOKEHUS UM TOHSATHUS
(KOHCIIEKT JIEKIUI), COOTBETCTBYIOIIME 0A30BOMY YPOBHIO U3YUCHHUS JTUCHUILIMHBI 10 TEMaM,
BKJIFOUEHHBIM B 33/IaHUsI KOHTPOJIBHOM paboThl Nel, moapobHoe petieHue u opopmiieHrne Beex
3aJlaHUii KOHTPOJIbHOM PabOTHI.

Bb16op TemMaTHKK OCYIIECTBIISICA HAa OCHOBE aHaln3a T'OCYJAapCTBEHHOIO CTaHAapTa
0a3oBol MoaroToBKU OakamaBpoB HampaBienuit 25.03.01, 25.03.04,24.03.04, 16.03.03.

[IpuBeneH CHHUCOK TEOPETUYECKUX BOIPOCOB [JIsi MOATOTOBKM K 3K3aMEHY IIO
muciuIuiniHe «Bpiciias MaremaTtvka» MO TeMaM, BKIIOYEHHBIM B 3aJaHUSI KOHTPOJILHOM
pabotel Nel, a Takke pekoMeHayeMas Jijisi 0oJiee MOJTHOTO U3YUYEHUsI MaTepHalia, a TaKkxKe JJIs
MOATOTOBKH K 9K3aMEHY yueOHasl IuTeparypa.



METOJUYECKHUE YKA3AHUS U 3AJTAHUSI 1JISI KOHTPOJIBHOM
PABOTDI Nel

Yeaoswcaemvie cmyoenmuoi!

JUis  Ka4ecTBEHHOI'O OCBOEHMsI Y4yeOHOro Marepuayia JIUCHUIUIMHBL «Bpicias
MaTeMaThKa» W YCIEIIHOIO BBIIIOJHEHUS 33aJaHUl KOHTpPOJbHOM paboTel Nel Bawm
HEOOXOAUMO, MPEXKIE BCEro, M3yUUTh TEOPETUUYECKUII MaTepuai, 3aTeM pacCMOTPETh U
IPOAHAJIM3HPOBATh IPUMEPBl pELICHUs IPAKTHYECKUX 3anad. B 3rom Bam mnomoryt
pazo0paTbcsl yYKa3aHHbIE B HAlIeM IOCOOMM HH(POPMALIMOHHBIE HCTOYHUKH, a TaKKe
MIPUBEICHHBIN B MOCOOMHU OYEHBb KPATKHUM KOHCIEKT JICKITHA.

[Tocne 3TOro Bbl MOKETE IPUCTYNATh K BBIIOJHEHUIO 3aJaHUM CBOETO BAPUAHTA.

BynpTe BHUMATENIbHBI K ONPEIETIEHUI0 HOMEpa Baliero BapuanTa. [IpaBuio ero BeidOopa
JOCTAaTOYHO MIPOCTOE, OHO C(OPMYJIMPOBAHO MEPE 3aJaHUIMU KOHTPOJIBHON paOOTHI.

[Ipu caMOCTOATENbHOM pELIEHUH U 0(POPMIICHUU 3a/IaHHi Ballero Bapuanta Bam Oy et
MIOJIE3HO MCIIOJIb30BaTh PACCMOTPEHHBIN B MOCOOMHM 00pasell BBINOJIHEHHUS U O(OpMIICHHUS
BCEX 3aJaHUIl KOHTPOJIbHOM paOoThl. BBINOMHATE 3a1aHus 11e€Ieco00pa3HO MO3TAIHO, 110
TeMaM.

B mocoOun Takke npuBeAEHbI BONPOCHI JIJIs MOATOTOBKU K dK3aMeHy. WX u3yueHue
PEKOMEH/1yeTCsl HAUMHATh NP BBIIIOJIHEHUU KOHTPOJIbHOM pabOTHI.

BapuaHTbI 3a1aHNIT KOHTPOJIbHOI padoThl Nel
Bapuant Ne n

Ilpasuno evibopa nomepa sapuanma KOHmMPOIAbHOU padGompl: HOMEPOM BapuaHTa
CITYKUT YUCJIO N, paBHOE CyMME JIBYX ITOCJICTHUX (PP 3a4CTHONW KHWKKH CTYICHTa, €CITU OTO
He HoJb. Ecnm e nBe mocneaHue mudpbl HOMEpa 3a4eTHON KHWKKH CTYACHTA HYJH, TO
cienyer monaratb N=19. Bo Bcex 3amaHMsIX CBOETO BapuaHTa BMECTO N HEOOXOIMMO
MOJICTaBUTh HOMEp Baiero Bapuanra.

Tpebosanusa k ogpopmnenuro. KourponbHas paboTa J0JKHA UMETh TUTYJIBHBIN JIUCT
cornacHo TpeboBanusaMm JII'TY k muchbMeHHBIM paboTam oOyuarommxcsa. PabGoTy HyX)HO
BBITIOJIHSTH OT PYKH B TOHKUX TETPAJISAX, 3aMMChIBas YCIOBHE 33/IaHUS U MTOAPOOHOE pelleHuE.
Taxxe HEOOXOIMMO 3amUChIBaTh (OPMYJIIbI, TEOPETUUECKUE TOJIOKEHUS, UCTIOIb3yEMbIE B
XOJI€ PELIEHHUs 3aIaHU M.

1.  Jluneitnas anzedpa, ananumuuecKkas 2eomempusi, 6eKMopHasn anzeopa

3aoanue 1.1
Haiiti: 1) 3A—4B 1 2) npoussencune A-B, ecim

-1 n+5 2 n 2 -5
A=n-10 3 -1|B=3 1 4
2 2 1 5 3 -n



3aoanue 1.2

. X + x, + x3 = n+1
Pemmnth cucTeMy ypaBHEHHH /3. _ . 4 5, - 5-n
xx + x, — nx; = 0
metooMm Kpamepa u meronom I"aycca.
3aoanue 1.3
Haiitu KOCHHYC yria MEXIY BEKTOpaMu AB u AC
A(,n,3), B(0,-1L,n-4), C(1-6,5).
3aoanue 1.4

BrrurcnuTh miomaas TpeyrojibHuKa ¢ BepmuHamu B Toukax A(9, n-5, n), B(3,5, n) u
C(10, -3, 7).
3aoanue Nel.5

HaiiTu cMermanHOe ipousBeeHne BekTopos a =11;2;n—20}, b={0;1; 4}, C= {2; 2; 0}.

3aoanue 1.6

[ToyuuTh ypaBHEHHE TPSAMON, TIPOXOIAIIEH:
a)  gepes Touku M, 2,n) u;

6)  4epe3 Touky M,(n+1, 2, —5) nmapawiensto Bekropy MM, .

3aoanue 1.7
[TomyunTh  ypaBHEHHE IUIOCKOCTH, MpoxXoiasmiedi yepe3 Touky  A(2;n;l)
neprneHaukysspao Bekropy BC , eciim B (6; -1; n) u C (2;n-3;4). [IpuBectn moiydeHHOE
ypaBHEHHE K 00IIEMY YPaBHEHHUIO IJIOCKOCTH M K YPaBHCHHIO B OTPE3Kax Ha OCSX.

2. Ilpedenwi, oughpepenyuanvrnoe ucuucaenue

3aoanue 2.1

Boeraucnuts npenensl GyHKIIHIMA:
2

) lim nx+ 4 . 6) lim x* -1 B lim x® +3x% +5x+1
o3 y2 n 7 o X2 =(n+Dx+n’ 7 0w nexP42x+n

3aoanue 2.2
Brruncnuth npeaensl UppallMOHAIBHBIX (DYHKITUHI:

vX+9-3 Ux" +2x3 +1

lim - 2) lim
1) x—0 nx ' 2) X—>0 X2 +5
3aoanue 2.3

5 _sin? x-sinnx
BerurcnuTh npezen TpuronomeTpudeckoi Gyukmnuu: lim 2
Xx—0 tg 2X

3aoanue 2.4



n

o o X" +1
Haiitu npou3BoHY10 MepBOro MopsiKa 3aJaHHOU PYHKIUH Y = *

sin x
3aoanue 2.5
Brrauciuts yriioBoi ko3hGUIIMEHT KacaTebHOU K TpaduKy (GyHKIIUN B TOUKEe Xy =N

nx+5

+(n+3)-e

y=x*+nx—(n+5).
3aoanue 2.6
Brrauciurts CKOPOCTb ABHUXKXCHUA MaTepHaHBHOﬁ TOYKHU B YKaSaHHBIﬁ MOMCHT BPCMCHH, CCJIN
s(t)=nt*+3t+(n+10), t=3cexk.

3aoanue 2.7
Haiitu sxctpemymbl GyHKImm y =x° —3n*x+1.

3aoanue 2.8
Brraucnuth npenen GyHKIIMN ¢ TTOMOIIBIO MpaBuia Jlomuras.

x?=(n+1x+n

X

lim
x—>1 e

—€

3aoanue 2.9
Haiiti yacTHBIE IPOM3BOIHBIE TIEPBOTO MOPSIIKA ¢)yHI<1MH z=x" Y+ xy” +InX no KaXkaou
13 HE3aBUCHUMBIX IIEPEMEHHBIX.

OBPA3EILl BHINNOJIHEHUSI U O®OPMJIEHUS 3AJIAHU BAPUAHTA
KOHTPOJIbHOM PABOTBI Nel

Oo0pasen BapuaHTa 3a1aHUii KOHTPOJILHOI padoThI
1. Jluneiinas anzebpa, ananumuyueckasn ceomempus, 6eKmMopHasn anzeopa

3aoanue 1.1

o 1 =21 6 0
Haiitu 2A+§B u A-B,ecnu A—(_32j, B—(z_zj.

3aoanue 1.2

2x, + x, — x3 =1
PernTs cucTeMy ypaBHeHHH  |_, | . 4 2y

3x, — x, + X

metonoMm Kpamepa u meronom ['aycca.

3aoanue 1.3
Haittu KOCUHYC yria MEXIY BEKTOpaMHU AB 151 AC :
A(1,-2,3), B(0,-1,2), €(3,-4,5).
3aoanue 1.4



BbIUMCIUTE MJIOIIA[b TPEYTOJIbHUKA C BepHIMHAMH B Toukax A(5; 2;-3); B(L1 -2);
C(3;4,-1).
3aoanue Nel.5
Haittu cMenianHoe nponsBeIecHHEe BEKTOPOB a = {,-2,-2}, b ={411},C= {3,-2,-3}.

3aoanue 1.6

[TosryunTs ypaBHEHUE MPSAMOM, TPOXOIALICH:
a)  uepe3 Toukun M; 1,2,3) u I\/IZ(O,—4,2);

0)  uepe3 TOUKy M3(1, -2, 4) napauienisHo Bekropy M; M,

3aoanue 1.7
Tlody4nTh ypaBHEHHE IUIOCKOCTH, NpoXomsimedl uepes touky A(4,2,3)
NEPHEHAUKYJIAPHO BEKTOPY BC, ccnu sapansl B (—4,0,1) u C (2,3,—3). [IpuBectu

MOJIYYEHHOE YpaBHEHHE K OOIleMYy YPaBHEHHWIO IUIOCKOCTH U K YPaBHEHHUIO IJIOCKOCTH B
OTpE3Kax Ha OCAX.

3aoanue 2.1
2 3 2
Brruucnuth npenenst: a) I|m x+1 ; 0) lim 2)(—4 ; B) lim X J;2x tx+4 .
-0 Ix? 41 x>2 X +3x-10 X300 X +3x+1
3aoanue 2.2
. Lo Ax+1-2 2 VX*+5
Boruncnuts npenensl uppaldoHanbHbIX GyHKIMIA: 1) lim ;2) lim ———
x—3 xow XT+2X+7
3aoanue 2.3

. . X*-sin3x-sin7x
BerumciuTh npeaes TpuroHoMeTpudeckoi Gpyukmum: lim .
x—0 tg X

3aoanue 2.4
Haiitu npon3BoIHyI0 IEPBOro MOPsIKa 3aJaHHOU QYHKIUN Y = — 5 In (x2 +1).
e’ +
3aoanue 2.5
BbIuncauTh yriaoBoi KodGGUIUEHT KacaTenbHOU K rpaduKy QYHKIMU B TOUuke M, (2;4)
y=x*(x-1)
3aoanue 2.6

BLIYUCIUTE CKOPOCTD JBUKEHHUS MaTepHanbHoii Touku S(t)=(t+1)° yepes Tpu cexyHabl

[OCJIE €r0 HAYaJIa.
3aoanue 2.7

Haiitu sxcrpeMyMs! GyHKmn Y = 2X° +63x* +120x + 11,

3aoanue 2.8

x?—7x+10
Boruucauts npeaen QyHKIUU ¢ HoMomipio npasuia Jlomurans lim ————
x>5 X2 —4x—5



3aoanue 2.9
Haiit yacTHbIC MPOU3BOHBIC MTEPBOTO MOPSIKA (DYHKIUN Z = (x2 + 3x)- cos5y +e” -sinx 1o
KaXJI0M U3 HE3aBUCHUMBIX NTEPEMEHHBIX.

Pemenue 3ajanuii BapuanTa - oopasua
3aoanue 1.1

o 1 -21 6 0
Haiitn 2A+EB u A-B,ecnu A—(_32j, B—(z_zj.

Pewenue

1 -21) 1(6 0 -4 2 30 -1 2
2A+—-B=2- +—- = +
2 -32) 212 -2 -6 4 1 -1 -5 3

—21)(6 0) (=2-6+1-2 —2.0+1-(=2)) (-10-2 51
AB={_37)12-2)7(=3.642.2 —3.042-(-2)) |-14—4 72

3aoanue 1.2
2x, + x, — x; =1
Pemuth cucreMy ypaBHeHMH <—x, + X, + 2x; = 7,
3, - x, + x;, = 4

MCTOJOM KpaMepa H MCTOJOM Faycca.

Pewienue
®opmysl Kpamepa ajist cuctemMsl 3-TO MOPAJIKAa UMEIOT BUI:
(A A A
AT R AT TR A

r1€ A-TIJIABHBIM ONPEACNUTEND 3aJaHHOM CHCTEMBI, A, A,, A; —BCIIOMOTaTEIbHbIE

OIIpeaCIUTEIN.
BerunciuM moodepeHo A, Ay, A,, A, packiiaabiBas KaKIbIM U3 HUX MO JJIEMEHTaM

IIEPBOM CTPOKH.

2 1 -1
1 2 -1 2 -1 1
A=|-1 1 2|=2. -1 +(-1)- =
-1 1 3 1 3 -1
3 -1 1
=2-(1-(-2)-1-(-1-6)+(-1)-(1-3)=2-3+7+2 =15,
1 1 -1
1 2 |7 2 7 1
A=7 1 2/=1. -1 +(-1)- =
-1 1] |4 1 4 -1
4 -1
=1-(1+2)-17-8)-1-(-7-4)=3+1+11=15,
2 1 -1
7 2 |1 2 -1 7
A,=l-1 7 2|=2. -1 +(-1)- =
4 1 31 3 4
34 1

=2.(7-8)-1:(-1-6)-1-(-4-21)=—2+7+25=30,



2 11
Ay=|-1 1 7|=
3 -1 4

-1 7
3 4

-1 1
3 -1

1 7
-1 4

_1‘ +1.

=2(4-(-7))-1-4-21)+(1-3)=22+25-2=45
ITo popmynam Kpamepa nomyuaem:
15 ., 30 ,  _45_

X, =—=1 X, =—= X, =—=3.
' 15 2 15 15

Meron [Maycca penienusi cucTeMbl JTMHEHMHBIX aJIreOpanyecKuX YpaBHEHHN COCTOUT B
MOCJIEIOBATEILHOM UCKIIFOUEHUH HEU3BECTHBIX C MTOMOIIBIO AJIEMEHTAPHBIX MPE0Opa30BaHMI
Y TIPUBEICHUH CUCTEMBI K TPEYTOJIbHOMY BUTY.

BolinuineM paciuiMpeHHy0 MaTpuUily UCXOJHON CHUCTEMBbI M IMPUBEAEM €€ C MOMOIIBIO
AJIEMEHTAapHBIX MPEe0OPa30BaHUI CTPOK K TPEYTOJIbHOMY BUIY.

2 1 -1 1 11 2 7
C, C,+2C,—Cy
-11 2 T|e|2 1 -1~
3 -1 1 4)“3 -1 1 e
111 7)1 2 7
0 3 3 15 ~ 0 3 3 15/
0 27 25 0 0 15 45

ITo HOHy‘leHHOﬁ MAaTpHUIC BBIITUIICM 3KBUBAJICHTHYIO CUCTCMY JIMHEHUHBIX ypaBHGHHﬁI

=X, + X + 2%, = 7
3X, + 3% = 15
15x, = 45.
BpruncinuM Teneps Mociie1oBaTeIbHO 3HAUYEHUSI HEU3BECTHBIX, HAYMHAS C TPETHETO
45
YPaBHCHUA: xgzﬁ, Xy = 3.

3x,+3-3=15 3x,=15-9; 3x,=6; X,=2.
-X+2+2-3=7, —-x=7-2-6; —-x =-1 x =1
3amMeTuM, YTO Mepel 3aluChbi0 OTBETA KEJNATeIbHO YOEIMThCS B MPABUIBHOCTU
MOJIyYEHHOTO PEILIEHUs, ClIeJaB MPOBEPKY. s 3TOro mojacraBbTe MOJYYEHHOE PEIICHHE B
3a/IaHHYIO0 CUCTEMY.
Omeem:  x, =1 x,=2; X, =3.

3aoanue 1.3
Haiitu KOCHHYC yria MEXIY BEKTOpaMu AB u AC :
A(,-2,3), B(0,-1,2), €(3,-4,5).
Pewenue

KoCHHYC yriia Mexiy BeKTopamMH aiX,,Ya.Z,) W D{X,,Y,.Z,] Haxomurcs o
bopmye: cos(a,ﬁjz
Y+l G +yi 42

Haiizem koopauHaTEl Bektopa AB AB = {0 ~1;-1-(-2);2 —3}: {—1; 1, —1}

XaXb + yayb + Zazb

10



Y KOOPJMHATHI BEKTOPa AC: AC={3-1;-4-(-2);5-3}={2;-2;2}.

OnpeeniM Tenepb KOCHHYC yIia Mexy Bekropamu AB u AC :

J: (1)2+1( 2)+ C4J2 _-2-2-2_ -6 _ 6_
(-1 +12 + \/22 (-2)° +22 “ 312 Vs 6

cos(ﬁ, AC

B 3TOM ciiydyae MOXHO yKa3aTh ¥ CaM YroJjl MEK/1y BEKTOPaMHu: (AB, ACJ =

Omeem: [E ACJ =

3aoanue 1.4
BbIUUCIUTD TUTOMIAIh TPEYTOJbHUKA C BepIIMHAMU B Toukax A(5;2;-3); B(L1 -2);

C(3; 4, -1).
Pewenue

HaiineM KoOpAHHATHI BeKTOpoB AB u AC, BBIXOAAIUX M3 OJHOH BEpPIIMHBI
tpeyronshnka AB={(1-5);(1-2);(-2—(-3))}={-4;-1;1}.
AC ={(3-5);(4-2); (-1-(-3))={-2; 2; 2.

[Inomans TPeyroiabHUKa, MOCTPOEHHOIO Ha BeKTopax AB u AC, paBHa IOJIOBUHE

N - 1 - o -
MOZYJA BEKTOPHOIO Iipou3BeaeHuss AB u AC . S, = 3 ‘ AB x AC ‘ Halinem AB x AC , 3aTeM

BBIYUCJIINM JJINHY (MOI[YHB) IMOJIYUYCHHOI'O BCKTOpa

-1 1‘ j‘—4 1‘ _‘—4 —1‘

k
ABxAC=|-4 -1 1|=7- +
, 2 2 ~2 2 —2 2

=47 +6] —10k = {-4;6;~10}.

ABx AC | =+/(=4) +6 +(~10)° =+/16+36+100 =152 = 2/38..
| \\/()

1 | — —
CnenoBaTesbHO, S,ugc =§-‘ Bx AC ‘—— 2+/38 =+/38 KB. euHUL.
3aoanue Nel.5
Haiiti cMentanHoe ipousBesieHre BeKTOpoB a =1L -2, -2}, b ={4;1,1}, ¢ ={3; -2, -3},
Pewienue

Halizem cMelnaHHoe NPOM3BEICHUE BEKTOPOB a,b,C uepe3 MX KOOPAMHATHI IO
M3BECTHOU (popmyiie.

a a, a 1 -2 -2
a,b,c)=|b, b b |=4 1 1|=
3 -2 -3

11



=(-3+2)+2-(-12-3)-2-(-8-3)=-1-30+22=-9.
Omeem: -9.
3aoanue 1.6

[lonyunTh ypaBHEHUE NIPAMOU, TPOXOISAILECH:
a)  uepe3 Touku M, 1,2,3) u I\/I2(O,—4,2);

0)  uepe3 TOUKY M3(1, -2, 4) napauiesibHo Bekropy M; M, .

Pewenue
a)  YpaBHeHus IpsIMOH, MPOXOIALIEH 4Yepe3  TOUYKH Ml(xl, Vi, Zl) U
X=% _¥Y=% _2-4
X2=% Yo=Y 22_21.

M, (X2 Yo, 2y ), B IIPOCTPAHCTBE UMEIOT BUJ:

B namewm ciaydae nomydaem:
x-1 y-2 z-3, x-1 y-2 -3
0-1 -4-2 2-3 -1 -6 -1
0) VYpaBHeHUS NPsAMOU, TPOXOAAIIEH Uepe3 3aJaHHYIO TOUYKY M3(X3 ' Vs 23)
X=Xy _ Y=Yy _Z-14
X =X Yo=Y 22_21.
B namewm ciydae moaydaem cleayroIIue ypaBHEHUS MPSIMOM:

napasuiesbHo Bekropy MM, umerot Bu:

x-1 y+2 z-4 x-1 y+2 -4
0-1 -4-2 z,-17, -1 -6 -1
-1 y-2 z-3 -1 2 7-4
Omeem: a)X Aoy ; 0) X—o_Yre ?

-1 -6 -1 -1 -6 -1

3aoanue 1.7
[ToslyanTs  ypaBHEHHWE IUIOCKOCTH, TPOXOJsIied depe3 Touky A (4, 2, 3)
NEePHEHANKYISIPHO BEKTOPY BC, ccnu sapansl B (— 4,0, l) un C (2, 3,— 3) . IlpusecTu
MOJIyY€HHOE YpaBHEHHE K OOIIEeMy YpPaBHEHHUIO IJIOCKOCTH M K YPaBHEHUIO IJIOCKOCTH B
OTpe3Kax Ha OCsX.
Pewenue
YpaBHEHHE TUIOCKOCTH, Tpoxosieii yepes Touky Ay(Xg, Yo ,Zo) HEePIEHIUKYJISIPHO
Bekropy BCia,b,cy umeer Bux: a(X — X0)+ b(y — y0)+ C(Z — zo): 0.
Haiinem koopinHATHI BEKTOpa BC:
BC ={2-(-4);3-0;-3-1}=1{6;3; - 4].
3amuwem ypasrenne: 6(x —4)+3(y—2)-4(z-3)=0.
PackpeiB ckOOKHM ¥ TIpUBEAs MOJOO0HBIC, MOJYYMM YpaBHEHHE TJIOCKOCTH B OOIIEM
BU/IE:
Ax+Bx+Cz+D=0
6Xx—-24+3y-6-4z+12=0,
6x+3y—-4z-18 =0.
J11s TOro, YTOOBI MOJYUYUTh YPAaBHEHHUE MJIOCKOCTH B OTPE3KE Ha OCSIX

12



§+X+E:1,
a b c

nepeHeceMm ''—18'" B mpaByro 4acTh ypaBHEHHUS, 3aTeM 00€ YaCTH ypaBHEHUSI pa3aeIuM
Ha "'18":

6x+3y—4z:18,
6 X 3y —47 y 7
= — =1, —4+I4+—=1.
18 18 18 3 6 g
2
X y oz
o : 6x+3y-4z-18=0; —+=-+—=1
meem y o _g
2
3aoanue 2.1
BBIYHCIUTE TIpEIEbL: a) lim-—— 2x+4 - 6) lim x* -4 . B) lim 5X3+2x2+x+4.
= ‘V X -5 X—2 X2 +3x-10 ’ X300 X3 +3x+1
Pewenue

a) OyHKUUs, CTOAIAS O]l 3HAKOM Mpejena, sBiseTca deMeHTapHoi. [IpenensHoe
3HaYeHHe X, =3 MPUHAIUICKHT ee 00aacTu onpeaeneHus. [103ToMy mpeen paBeH 3HaUCHHIO

(YHKITUHU B MIPEICTbHON TOYKE:
2X+4 2-3+4 10
= f(3)= —

\/X—_ Jo_5 2
0) Bnauwane yOemumcsi, 4YTO TIpeled HENb3S BBIUUCIUTH HETOCPEICTBEHHOMN
MOJICTAHOBKOM MPEJECIBbHOIO 3HAYCHUSI MEPEMEHHOU X, =2 B (GYHKIUIO, CTOSIIYIO IO

3HakoM nmpegena. Ilpy x—2 »3Ta QyHKOUA nOpeacTaBiaseT coOOM OTHOLIEHUE JIBYX

0
OCCKOHEYHO MaJbIX BEJIMYMUH, WHA4YEe TOBOPS, UMEET MECTO HEOIMPENeNIEHHOCTh THIIA 0
Uucnutenb apoOU MOXHO Pa3jI0KUTh HAa MHOXHUTEIM C MOMOIIbIO (POPMYJIBI pa3HOCTU

KBaApaToB: a’ —b® =(a—b)a+b); X2 —4=(x-2)x+2).

3HaMeHaTellb JApoOM TIpEeACTaBlIsIeT CcOOOW KBaJpaTHBIA TPEXUICH ax? +bx+c ,
KOTOPBIM, Kak M3BECTHO, pasjaraercsi Ha MHOXHUTEIM 1O cleaytomei Qopmyie:
ax’ +bx+c=a-(x-x;)-(X—X,), rme X;,X, —KOPHH COOTBETCTBYIOLIErO KBAAPATHOIO
ypaBHEHUS ax®+bx+c=0,

Ucnionb3ys o1y dopmyiy, moinydaeM  x° +3x-10=(x—2)-(x+5). B nHamewm ciydvae:
a=1 x =2, X,=-5,
=4 _(0)_: (x—2)(x+2)_|. X+2 4

—(a)— 5y (x=2)x+5) a x+5 7

Kax BHIMM, TI0CJIE COKPAIICHNS APOOH HAa MHOKUTENb (X—2), CTpeMSsIIHiics K HYIIO,

Wrak, nonyyaem: lim —————
x»2 X°+3x-10

HEOMpPEAeICHHOCTh McYe3J1a, U IIpe/iei YAal0Ch BBIYUCIINTD, TIOJCTABUB BMECTO MEPEMEHHOM
X ee mpeiebHOE 3HAUEHHE X, = 2.
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B) [Ipyu X—>oo ¢yHKuMs, cTosmias MOJ 3HAKOM Mpefena, MpelCcTaBiseT co0oit
OTHOLIEHUE JBYX O€ecKOHEYHO Oonbiiux @yHKud. HWMHaue roBops, HMEET MECTO

0
HCOIIPCACIICHHOCTL BUAa —.
0

Bricmias crenens nepemMeHHOM B uuciurene N=3. Bpiclmiasg CTENeHb NEPEMEHHOU B
3HaMeHareJse Takke paBHa 3. [loaTromy 1 uncnurTenb, U 3HaMEHaTeN b pa3AeIuM OYWIEHHO Ha

x>. 3areMm, HCHOJB3ysd apU(PMETHYECKHE CBOMCTBA MPEAEIOB W MPOCTEHIIMN Mpeme

. c
lim= =0 (c=const), mOay4nM OTBET.

X—>0 ¥
5x3+2x2+x+4
5x3+2x2+x+4:(fj:”m 2 X 3 X
0.0]

X300 x* +3x+1 Xosoo x* 3x 1
X
S5+ 2 + L + 4
i x x2 x¥ 5+0+0+0
S PR AT S 1+0+0
X® X
Omeem: a) 5; 0)4/7;8)5.
3aoanue 2.2
. X H1=-2 A VX' +5
BBraucauTh mpeaens uppanuoHaNnbHeIX QyHKIMiA: 1) lim ————; 2) lim ———
x—>3 X—3 xoo XT4+2X+T
Pewenue
1) HemocpeacTBEHHOM MOACTAaHOBKOM BMECTO X 3HAauCHUS X, =3 yOeKIaeMcs B TOM,
0

4TO UMCECT MCCTO HCOIIPCACICHHOCTDb B A 6 YMHOXHUM U YUCINTCJIb, U 3HAMCHATCJIb

IpoOu Ha BBIPAKCHHE (\/x_+1+2), KOTOPOE SIBIIICTCSl «COMPSDKEHHBIM» K YHCIUTEITIO
(\/x_+1—2) corinacHo ¢opMyse pa3HOCTH KBaapatoB. Ilocie 3TOro B 4nMcIUTENC MCUE3HET
MPPAIMOHATBFHOCTh U BBIIGIUTCS MHOXHTENb, CTPEMSAIIMIACS K HYII0. 3aTeM yaactes (X -—3)
COKpATUTh APOOb HA 3TOT MHOKHTEITb.

i \/x_+1—2:(oj:“m (ri-2)xetea) | (xetf -2

= m =
w3 X—3 0 (x-3)Vx+1+2) o (x-3)[Vx+1+2)

. X+1-4 . X—3 . 1 1 1

=lim =lim = lim = ==

s (x=3)\x+1+2) =% (x=3fx+1+2) x5 Jx+1+2 B3+1+2 4
1
Omeem: —.
4

2) Tlpu X —> 00 YKCIUTENb ¥ 3HAMEHATEb €CTh 0ECKOHEUHO 00JIbIINe (PYHKIIUH, TO

0 o
—. BrIcmiasg creneHb MNEpEMCHHOU B
00)

3HaMmeHarenie paBHa 2. ONpenelidM BBICIIYIO CTEIEHb IEPEMEHHOW B YHCIIUTEJNE:

€CTb UMECT MCCTO HCOMPCACICHHOCTD

1 1
st 4=
Vx*t = (X4)2= x 2 =x*. Wrtak, BBICIIAs CTEIEHb MEPEMCHHOM B YHCIIUTENIE TAKKE paBHA

JIBYM-
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PaBILCJII/IM N YUCINTCIIb, U 3HAMCHATCIIb HAa x? . ITocne 3Toro cMoXeM BbIYHUCIIUTh

Vvx*+5 x*+5
4 2 4
VXS [P iy X g X
x—>wo X 2X 7 X—00 2 7
—t ot 1+ —+—
x> x* X X X
5

Ve Jito

Ipeaen: lim

X—>00 X2+2X+7 o0

=lim = =1,
X500 1+g+12 1+0+0
X X
Omeem: 1.
3aoanue 2.3

. . X%-sin3x-sin7x
BbIuuciuTs mpeaen TpUroHOMETPHIEcKoi GyHKIum: lim -
x—0 tg X

Pewenue
[MoxacraBuM X, =0 B QyHKIHIO, CTOSIIYIO IO 3HAKOM IIpPeIEa.

0

Y6€)KIIaCMC5I B TOM, 4TO MMCCT MCCTO HCOIIPCACIICHHOCTL BHOA 6 Z[JIH PACKPBITHUA

HEONpEIEJIEHHOCTH BOCIIOIE3YEMCS CIEAYIOIIUMH SKBUBAJIEHTHOCTAMH Ipu X —> 0 sin3x
~3x; sin7x~7x; [tgx]*~x*. Torga mony4nm

. x%.sin3x-sin7x (0 . Xx*-3x-7X X :
lim 3 =(— =lim ————= 21-lim X~ 21lim x=21.0=0.
x—0 tg™x 0 x—0 X 0 X° x—0
Omeem: 0.
3aoanue 2.4
Haiit mpou3BoAHYIO MEpBOTO MOpsiaKa QyHKIUU Y = exe 5~ In (x2 +1).

Pewenue
Hcnons3ys npaBuia qudpepeHrnpoBanus U Ta0IHILy MPOU3BOAHBIX, OTYUHUM:
! !

gt ) <[ -l -

€ e+

! !

() +2)-e*e*+2) (¢ +1)' _ e +2)-e er  2x

(e +2f X +1 (e* +2f X2+l
_e¥42et - 2x . 2¢¢ X
- (ex+2)2 X2+1_(ex+2)2 X +1
o 2 2
oman: -
3aoanue 2.5

15



BBIUKCIUTE YIII0BOM KO3 PUIMEHT KacaTeabHOMN K TpaduKy GyHKInM B Touke M, (2;4)

y =x*(x-1).
Pewenue

Haiiném npousBoaHyto 3aJaHHON (QYHKITUH
y = [xz(x—l)z]’ =y =(x)" (x=17 +x2. [(x—l)z]'
v = 2x(x —1f +x - 2(x =1)-(x=1), ' =2x(x ~1) +2x*-(x 1)

y'(x)=2x-(x=1)-(x =1+ x), y'(x)=2x(x -1)2x-1).
BBIUKCIIMM IIPOU3BOAHYIO B TOYKE KACAHHS, TO €CTh IIPU X = 2
y'(x,)=y(2)=2-2(2-1)-(2-2-1)=12.
DTO U €CTh YIII0BON KOO(PPUIMEHT KacaTeabHOU B Touke M,(2:4), k=12.
Omeem: k=12.

3aoanue 2.6
BEIYHCIMTL CKOPOCTD ABMKEHUS MaTepuaibHOM Touku S(t)=(t +1)° uepes Tpu ceKxyHbI
MOCJIe €ro Havaja.
Pewenue

Haiiném  ckopocTh  OBWKEHHS B TIPOM3BOJIBHBIA ~ MOMEHT  BpEMEHH,

npoauddepeHIpoBaB 3a1aHHYI0 PYHKIUIO
V(D) =5(t)=[t+1F] =3 (t+17 - (t+1) —3(t+1)

BeI4ucinM Terepb ckopocTs pu ty =3:  V(3)=3-(3+1) =3-4°=3.16=48,

Omeem: 48

3aoanue 2.7
Haifty skcTpeMyMs! dyHkimn Y = 2X° +63x° +120x + 11,
Pewenue
1)  Haitnem o6nacts onpenenenus pynkmum: D(y):xeR.
2) Haitnem kputHueckue TOUKHU:
y' =6x° +126x+120, 6x*+126x+120=0, x°+21x+20=0,
X, =-20, Xx,=-1,
3) HUccimemyemM KpUTHYCCKHE TOYKH C IIOMOIIBIO JOCTATOYHBIX  YCJOBHIA
IKCTPEMYMa, Pe3yJIbTaThl HCCIICIOBAHUHN IPEACTABUM B BUJIC TaOIUIIHI:

X (—o0,—20) -20 (-20,-1) -1 (—1,400)
y' + 0 — 0 +
y _— max ~_, min _—7

4) Bbrurcium 3HaueHne QyHKIUMU B TOUKax X, =—20 u X, =—1:
You (—20)=2-(= 20)° + 63- (- 20)° +120- (- 20)+11=6811
y. (~1)=2-(=1) +63- (-1 +120-(~1)+11= —48.

Omeem: vy, (-20)=6811 Y,;,(-1)=-48.
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3aoanue 2.8
Beraucnuth npenen GyHKIMU ¢ TOMOIIBIO MpaBuia Jlonmurais.

. x2—-7x+10
Ilm 2— M
x5 X°—=4X -5
Pewenue
[ToacTaBiss B pyHKIMIO IO 3HAKOM Ipejeia 3HaueHue X, =95, yOexmaeMcs B TOM,

YTO UMEET MECTO HEONPEAECIEHHOCTD 0 [Iprnmenum nipasuito Jlonwrans onuH pas:

 x2-7x+10 (0. (x2-7x+10) . 2x-7 10-7 3 1

lim X = 2X*20 [ 2] tim L lim X020 S _ 2

x=5 X°—=4x-5 0 X—>5(X2_4X_5) x»52Xx—-4 10-4 6 2
0 1
meem. — .
2

3aoanue 2.9

Haiitn yacTHbIle POM3BOHBIE TIEPBOIO MOPSIKA (PYHKIMKU Z = (x2 + 3x)- cos5y +e” -sinx Mo
Ka)KJI0W U3 HE3aBUCHUMBIX IIEPEMEHHBIX.
Pewenue

3a;[aHHa51 q)YHKHI/ISI 3daBUCHT OT ABYX IICPCMCHHBIX, CJICAOBATCIIbBHO, MMCCT ABC YdCTHBIC
IMPOU3BOAHBIC IICPBOI'O MOPAAKA.

2 =(x? +3x)' -cos5y +e” -(sinx) = (2x+3)cos5y +&* -cosx;
7, = (x2 +3x)- (cosSy)' + (eyz) -sinx = —5(x2 +3x)sin 5y +2y-e’ -sinx.

Omeem: 7, =(2x+3)cos5y +e* -cosx, z, =2y-e* -sinx—5(x* +3x)sin5y..
KOHCHEKT JEKIIUHA

AHnanumuyeckasn zeomempus, TUHelHAsA An2e0pa, 6eKMoOpHa anzeopa

1. O0uee ypaBHeHMe NPAMOM JIUHUM HA MJIOCKOCTH

Bcesikoe ypasuenue f (X, Y )=0, cBsi3pIBatoriee KOOPIUHATHI X U Y, HAa3BIBACTCS yPAGHEHUEM
Jaunuu L Ha TIIOCKOCTH, eciin: 1) KOOpAUHATHI KaXA0W TOUKH JIMHUU L yIOBIETBOPSIOT 3TOMY
YPaBHEHUIO, 2) KOOPJAUHATHI BCSIKOM TOYKH, HE Jiexkaller Ha JuHuM L, HEe yAO0BIETBOPSIOT
ATOMY YPaBHEHUIO.

YpaBHEHHUE IEPBOM CTENIEHU OTHOCHUTENIBHO NMEPEMEHHBIX X U Y , T. €. ypaBHEHHE BUA!

Ax+By+C=0

rae A B,C-— nelicTBUTEIbHBIE YHclia, mpudeM A U B He oOpamaroTcs B HOJb

onnospeMeHHo (A’ +B?#0), onpenenseT Ha IIOCKOCTH HPAMYIO JIMHHUIO. DTO ypPaBHEHHE
Ha3bIBACTCS 0OWUM YPAGHEHUEM NPAMOU HA NIOCKOCIU.
Eciau A =0, T.e. ypaBHEHHE HE COAEPHKHMT X, TO OHO MPEACTABIIAET IPAMYIO, TAPATIETLHYO

ocu Ox: |BY+C=0
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Ecmu EA& E,@goj 'PaBHEHHE HE COJEPKUT Y, TO OHO MPEJCTABISET NPSAMYIO0, TapaIeIbHY IO
ocu Oy:

Ecin C = 0, To ypaBHeHHE ompenesnseT NpsIMyr0 JIMHHUIO, TPOXOSIIyI0 Yepe3 Hayajlo

KOOpPMHAT: Ax+By =0

2. YpaBHeHHe NPSIMOii ¢ YIJ10BbIM K03 punmeHTom
Besikyro nmpsiMyro Ha INIOCKOCTH, HE TapAJIIENIbHYI0 OCH OPAUHAT, MOXKHO ITPEACTABUTD

ypaBHEHHEM BHja: | Y = Kx+D

OT0 ypaBHEHHE HA3BIBAIOT YPABHEHUEM NPAMOLL C Y2N08bIM KOIPDUYUESHIMOM.

Uucno Kk paBHO TaHreHCy yria, OOpa30BAaHHOIO MPSIMON C TMOJIOKUTEIbHBIM
HampaBiaeHueM ocu Ox (puc. 1), k=tge . DTO 4KCI0 HA3BIBAIOT V2l08biM KOIPPuyuenmom
npsamoti. CBOOOHBIN UjieH ypaBHEHUs D paBeH opANHATE TOUKH IIEpEeCcCeUueHUs MPSIMOi C OChIO
Oy.

#
/

y=kx+b

v

/ : )

Puc. 1

[To abcomtoTHON BeMMUMHE YUCIIO b paBHO JIJIMHE OTpEe3Ka, OTCEKAEMOro MpsiMON Ha
ocu opauHat. Eciu b paBHO Hymto, TO mpsiMasi JIMHUS MPOXOAUT YEPe3 HA4aJl0 KOOPAMHAT.
Ecmu b > 0, To oTpe3ok oTcekaeTcst Hazx ochio abcuucce, ecnmu b < 0, To — mox Heid.

3. Yroa mexkay AByMsl NPSMbIMM HA IUIOCKOCTH. YCJIOBHUSI NMApPa/LIeJIbHOCTH U
NnepueHInKYJISIPHOCTH NPAMBIX
VYron Mex Ty IByMs MPSMBIMU JIMHUSIMHU Ha TUIOCKOCTH (PUC. 2), 3aJaHHBIMU YPaBHEHUSIMU
c yrioBbeiMU Ko uimentamu Y =K x+b, u y=k,x+b, , npencrasnsercs Gpopmynoii:
K, -k,
C1+kk,

tga

3ameuanue 1. Ita hopMyia onpenensieT yroia, Ha KOTOPbIA HY>KHO MOBEPHYTh
MIEPBYIO MPSMYIO MPOTHUB YaCOBOM CTPEJIKUA OKOJIO TOUKH MEePECeUeHUs! JaHHBIX MPSMBIX IS
TOT0, YTOObI OHa COBMECTHIACh CO BTOpOM. [10CKOIBKY MPU HAXOKIEHUU yria JIOO0YI0 U3
MPSIMBIX MOKHO CUMTATh MIEPBOH, a APYTYIO — BTOPOH, TO MOTYT MOJy4aThCS Pa3HbIC M0 3HAKY
3Ha4YEHUs TaHIeHca yriia. B 3aBUCHUMOCTH OT ATOTO yTOJ 0. MOKET OBITh TUOO OCTPBIM YTJIOM,
100 YrJIoM BTOPOM YETBEPTH.
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Ilpumep. BBIUUCIUTH YTOJI MEXIY MPSAMBIMU: Y = 2X — 5,y = —3X +7.
Pewenue. Yraoseie ko3 uireHTsl JaHHBIX OpsaMbIX: K 1= 2, K ;= —3. [To dpopmyie
HAXOOUM: tga = _—3-2 =1 a=45".
1+2(-3)
DTO 3HAYUT, UTO MepBas Npsmas Y = 2X — 5, MOBEpHYTasi OKOJIO TOUYKHU NIEpeCceueHust Ha
yToJ 0. = 45°, COBMECTUTCS ¢ NIpsMoi Y = —3X +7.
Ecnu cuutath npsmMyio Y = —3X +7 mepBoi, a npsamyro Y = 2X — 5 Bropoi, To K
1= —3, K 2= 2 u o ¢popmyiie mosrygaem:
2+3
go=——"—=
1+2(-3)
DTO 3HAYUT, 4TO MpsiMast Y = —3X +7, MOBEPHYTAasl OKOJIO TOUKHU MEPECCUCHUS JaHHBIX
IPSIMBIX MIPOTHUB YAaCOBOM CTPEJIKU Ha yroi a = 135°, coBMecTUTCA ¢ mpsiMoi Y = 2X — 5.
Taxum 06paszoM, 8 kauecmee omeema MOAHCHO yKazamo u yeon o, = 45°, u yeon a=135°.
OTBeT 3aBUCHUT OT TOTO, KaKyIO U3 JAHHBIX MPSMBIX ITPH PEIICHUN PACCMATPUBAIN B KAUE€CTBE
IIEPBOM.
N3 dhopMysl HAXOKICHHS yTiia MEeXAY MPSIMBIMU CICTYIOT YCIOBHS apaJICTbHOCTH
Y TIEPTIICHANKYJIIPHOCTH JIBYX MPSMBIX Ha TNTIOCKOCTH.
Ycnosue napannenvHocmu 08yx npsaMulX, 3A0AHHLIX YPAGHEHUSAMU C Yel08bIMU
K03 puyuenmamu.

-1, a=180"—45"=135".

k =K, .

1
Ycnosue nepnenouxynsapnocmu: 1+kk, =0 wmmm k, = T
1

3ameuanue 2. Eciu xoTsi Obl OfHA W3 3a/JIaHHBIX MPSMBIX HapajljieibHa OCU

OpJIMHAT, TO YyKa3aHHass QopMyia JJIs HAXOXKICHHS yIJIa MEXIy JBYMs MPSMBIMH HE
MIPUMEHHUMA.

Ecnu mepBas mpsimasi mapajuienbHa OCu opnauHatr, T. €. K, =0, a BTOpas HET, TO

npumeHnsercs Gopmya 9o = K,

Ecnu BrOpas mpsmasi mapamienbHa Ocd opAauHaT, T.e. K, =0, a mepBas HET, TO yroiua

MeKly HUMH onpezensercs popmysoii |9 = k_l

Ecnu o0e npsimble nmapajielibHbl OCH OPAMHAT, TO OHU MapajulesIbHbl U MEXIY COOOM,
TaK 4TO YroJl MKy HUMHU PaBEH HYJIIO.

3ameuanue 3. Ecnu mpsiMble, HE TMapaiebHbIE OCH OpJWHAT, 3aJaHbl OOIIMMU
ypaBHeHus MU AiX+B1y+Ci= 0, Axx+Byy+Cyo= 0, TOo yron Mexmay HAMH MOKHO HAWTH IO

Ale — AQ Bl
o t 172 "271
cienyrorel hopmyie ga AA, +B,B,

Ycnosue napannenvnocmu 08yx npsamwvix, 3a0aHHbIX oOwumu ypaguenusmu. AriA; =
B1:B,.

Yenosue nepnenouxynsapunocmu: AiA+B1Bo=0.
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4. YpaBHeHHe NPAMOI B 0TPe3Kax Ha 0CAX
Ecnu mpsimast TMHUST OTCEKAeT Ha OCSX HE PaBHbIC HYJIO oTpe3ku a u b (puc. 3), To ee

X .
MO>KHO MIPEACTABUTh YPABHEHUEM — + y? =1, KOTOPOE€ Ha3bIBACTCS YpABHEHUEeM NPAMOU 8
a

ompe3Kax Ha OcCAx.

AY

>
0 4
Puc. 2

Yucna @, b MoryT OBITH Kak MOJIOKUTEIHLHBIMY, TAK U OTPUIIATEIBHBIME. Eciu, Harpumep,
npsiMasi OTCEKaeT Ha OCH a0CIIMCC OTPE30K, PACIIONOKEHHBI  ciieBa OT HyJsl, To a < 0.

Ecnu nmpsimast MHUS NPOXOOWT 4Yepe3 Hadajao KOOPAMHAT, TO €€ HENb3sl NMPEIACTAaBUTh
YPaBHEHHEM B OTPE3KaxX Ha OCSX.

5. YpaBHeHHe NPsIMOii, MpOXosiileii yepe3 ABe 3aJaHHbIE TOUKH

Eciu U3BECTHO, YTO HpsAMas JIMHUS MPOXOIUT dYepe3 ABE 3aiaHHble Toukd M, (X;y,) u
X=X _ Y-VY;

X=X Y= )

M,(X,; ¥,), TO ee ypaBHEHHE NMEET BHI:

6. YpaBHeHue mpsiMOil, mNpoxoJsiieil 4epe3 MAAHHYI0 TOYKY HNapaLIeJbHO
(mepneHAUKYJISPHO) AaHHOMN npsaMou. Ilydok npsimbIx
[Tpsimast, mpoxosiias depes 3agannyo Touky M (Xo, Yo) mapauiebHO 3aaHHON TIPSIMOi
y= Kk X+Db, npencraBnsercs ypaBaeHueM: Y - Yo = K-(X-Xo).
[psimasi, mpoxozsimias 4epe3 3aaaHHyto Touky M (Xo, Yo) MEpIECHAUKYISPHO JaHHOM

npsiMoit Y= kx+b, 3amaeTcs ypaBHeHHEM: Y - Yo = - %(X - Xo0).

3ameuanue. YpaBuenue Y - Yo = K(X - Xo), rme M (Xo, Yo) - 3amanHas Touka, a k < oo -
NpoM3BOJIbHOE (HE (UKCHPOBAHHOE) 4YHCJIO, OMPEACTISeT MHOMXECTBO BCEX MPSMBIX
IUIOCKOCTH, MPOXOJAIUX 4depe3 Touky M (Xo, Yo) (Kpome TOii, KOTOpas mapajuieibHa OCH
opauHar). Takoe MHOKECTBO MPSIMBIX HA3BIBAIOT nyuxkom npsmeix. Yucno K Ha3pIBaloOT mpu
3TOM napamempom nyuxa, a Touky M (Xo, Yo)-yenmpom nyuxa. Ilpu kaxaom GUKCUPOBAHHOM
3HAa4YeHHH TapameTpa K 3agaercs oHa U3 MPSIMBIX JTHHAMN ITyYKa.
Hanpumep, ypaBuenue Yy + 5= K (X - 3) onpeensieT Ha MIOCKOCTH MyYOK C IICHTPOM
B Touke M (-5; 3). [Ipu k =7 monyuum ofHy NpsAMYI0 JTHHUIO U3 3TOTO my4ka: Y + 5=7(x - 3),
uim: 'y = 7x - 26.

7. OnpeneauTeJi BTOPOro mNopsiaka
Onpedenumenem 6mopoco nops0ka HA3bIBAETCS YHCIO A, 3alHCaHHOEC B BHJE
KBaJPaTHOM TaOJIUIIBI YUCETI, COCTOSIICH U3 IBYX CTPOK U JIBYX CTOJIOIIOB:
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a11 alZ
a21 a22

Benuuunel a,;,a,,a;,,8, Ha3bIBAKOTCS IPHU 3TOM 21emenmamu onpedeaumens. Kaxapii
JIEMEHT &;, i, j=12, uMeeT ABOMHON MHJEKC, IEPBbIM U3 HUX YKa3blBa€T HOMEP CTPOKH, B
KOTOPOI HaXOJUTCS DJIEMEHT, BTOPO - HOMEP CTOJIONA.

Boruucnsiercs onpenenutens BTOPOro Mopsijka mno cieayroieit popmye:

4, A
aZl a22

A= =ay; -3, —a;,ay.

8. Ompenenure/in TpeThero NOpsiaAKa
Onpedenumenem mpemve2o NOpsOKa HA3bIBAETCS YUCIO A, 3alMCAHHOE B BHJE
KBaJPaTHOM TaOJIHUIIBI YUCET, COCTOSIICH U3 TPEX CTPOK U TPEX CTOJIOIOB:

a, a, a;
A= Ay Ay Ay
d; 43 Adg

CYHIGCTBYGT HECKOJIBKO CIIOCOOOB BBIYMCIICHHS OHpGILGJ’IHTeHeﬁ TPCTHCTO IIOpPsAIKaA.
OHpeI[GJ'II/ITeJIB TPCTHCTO IIOpAAKa, B YaCTHOCTH, MOJKHO BBIYUCIIUTL nO npasujy Capp;oca.
I[JUI 9TOI0 K CTOJI6I_[aM OIIPCACIIUTCILA IIPUIINCBIBAIOT CIIpaBa IICPBBIC €TI0 JIBA CTOJI6LIa n
BBIYHCJIAIOT ICCTD CJIaraCMbIX I10 CJ'IGI[YIOHIGIZ CXCMC.

a; &, &y 8y,
% a3;><6‘33 &332\

S

«=» «=» «=» «H» K «t»

Ctpenku yka3blBalOT HA TO, KAKUE DJIEMEHTBI IEPEMHOKAIOTCS, 3HAKHU MMOKA3bIBAIOT, C
KakiUM 3HAaKOM OepyTcsi OSTU TMPOU3BEJCHUS: C TEM, KOTOPbIH OHU HMEIOT WIH C
MIPOTHUBONOJIOKHBIM. [lonydaeTcs cienyroniee paBeHCTBO

A:an'azz'ass"'aiz'a23'3~31+313'a21'a32_
_(331'a22 'ais"'asz'a23'a11+a33'321'a12)-

1 -2
Ilpumep. Beraucaute onpenenurens A= 3 1 2.
-1 4

Bnavane coctaBuM cxemy BbIUMCIICHHS. J[JIsT 3TOro AONMIIEM K 3JEMEHTaM
OMpeaeUTelIs ClipaBa JBa MEPBbIX CTOJIONA.
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1 -2

N W XS 4
BRI 4

W= L)y (=) «t» «H»  «H»
[omyuum ‘/‘/ / \\‘\4

A=1-1-1+(-2)-2-(-1)+1-3-4—((-1)-1-1+4-2-1+1-3-(-2))=
=1+4+12—(-1+8-6)=17-(1)=17-1=16.

OHpeI[eJII/ITeJII/I TPCTHCTO IMOPAAKAa MOKHO CBCCTH K BBIYHCIICHUIO TPCX OHpCI[GJIHTGJIGI?I
BTOPOTO IIOpsAKa Memooom PA3NI02CEHUA NO D1EMEHNTIAM Kaxou-iubo e2o CMpoKu uju
cmonoya.

B wactHOCTH, pa3nokeHHe 1Mo AIEeMEHTaM MePBON CTPOKHU OyAET MMETh BU:

a; &, a3
A= _ a,, Ay a, dy a ay
=18y Ay Ay(=a;- A 3° .
Ap Ay Ay Ay Ay dy
Ay 35 Ay
Pasznoxxenue no OJICMCHTAaM, HAIIpUMEP, BTOPOTI'O CTOJI6Ha 6YII€T TaKUM:
A, &, Q4
A= . ay Ay Q; g a,; ag
=8y 8y Ayl =g +ay - —ag - .
a; Ay ay Qg ay; Ay
a; a3 ag

AHaJIOTHYHO IMPOU3BOAUTCA PA3JIOKCHHUC IIO 3JICMCHTAM JPYI'HNX CTPOK H CTOJI6I_[OB.
HpH 9TOM HCIIOJIB3YCTCA CIICAYyIOmasa IIaXMdTHAA CXCMa PpPACCTAHOBKH 3HAKOB IICPCH
cJlaraCMbIMH

Onpenenureny BTOPOro MOPSAKA, YKAa3aHHbIE B  Pa3NIOKEHUSIX, IOJTY4YalOTCS
BBIYEPKUBAHUEM TE€X CTPOKHM M CTOJIONA, B KOTOPBIX HAXOAMUTCS CTOSAIIUA TEepe] HUMU B
Ka4eCTBE MHOXKHTEJIS JJIEMEHT 4 .

Ilpumep. BBIYUCIUTD ONPENETUTEND PA3JIOKEHUEM 10 TPETHEN CTPOKE.

1 -2
-2 1 1 1 -2
A=|3 1 2/=(-1) —4. +1. =
L 4 1 2 3 2 3

=(-1)((-2)-2-1-1)-4-1-2-3-1)+1-(1-1-(-2)-3) =
=—(-5)-4-(-1)+1-7=5+4+7=16.

IIpu pa3noxxeHuu 1o TpeTber CTPOKE YUWIM PACCTAHOBKY 3HAKOB I10 YKAa3aHHOW BBIILIE
cxeMme. s TpeTbell CTPOKU 3HAKU YEPEAYIOTCS TaK: «1», «—», «t».

Onpenenurenn BTOPOTO MOPAAKA IMOJYYaJld, MBICJICHHO BBIYEPKMBAS W3 3aJaHHOTO
OMpENEeNUTeNII T€ CTPOKY M CTOJOEl, B KOTOPHIX HAXOAUTCS 3JIEMEHT, KOTOPBIA CITYKUT
MHOKUTEJIEM.
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3ameuanue 1. AHaIOTMYHO BBOJATCS TOHATHS OINpeaenuTeneid u 00Jiee BBICOKHUX
MOPSIZIKOB: YETBEPTOTO, MATOrO U T. /. Takue OnpeaeTuTe I BHIYUCISIOTCS TOJIBKO METOIOM
Pa3JIoKEHHUsI IO AJIEMEHTaM KaKOH-11M00 CTPOKU WK CTOJI01IA.

9. CaoiicTBa onpeaeaureiei

Ceoticmeo 1. Ilpu nepecTaHOBKE JIByX CTPOK (CTOJIOIIOB) 3HAK OMPEACTUTENST U3MEHUTCS
HAa NPOTUBOIIOJIOKHBIN.

Csoticmeo 2. OOt MHOKUTEH 3JIEMEHTOB KaKON-THOO CTPOKHU (MJTH CTOJI0I1a) MOYKHO
BBIHECTH 3a 3HAK OINPEACTUTEIS.

Csoticmeo 3. Ilpu yMHOXKEHUH OMPECIUTENS] Ha YUCIO HA 3TO YUCIIO YMHOXKAIOTCS BCE
AJIIEMEHTHI JIUIIh OJHOW KaKOK-THOO0 €ro CTPOKH (CTOJIONA).

Ceoticmeo 4. Onipeenurenb, COAEPKAIIUNA HYJIEBYIO CTPOKY (CTOJI0€IT), paBeH HYJIIO.

Ceoiicmeo 5. Onpenenurenb, coaepxaluii paBHble (WM MPONOPHUOHAIBHBIC) CTPOKH
(cTonO11BI), paBEH HYJIIO.

Ceoticmeo 6. Ecii KaXIbIi 3JIEMEHT KaKOM-TO CTPOKHM (CTOJIOIA) €CTh CyMMa JIBYX
CJIaraéMblIX, TO OINPEAEIUTENb PaBEH CyMME JBYX ONPEICIUTENCH: B OJHOM B 3TOH CTpOKE
(cTonO1e) BMECTO CYMMBI CTOUT TOJIBKO IEPBOE CIaraeMoe, B IPYroM - TOJIKO BTopoe. Bee
OCTaJIbHBIE AJIEMEHTHI 000MX ONPEEINUTENECH TaKUE KeE, KaK U B 3aJaHHOM OIIpeIeTIUTEIE.

Ceoticmeo 7. Onpenenurenb HE U3MEHUTCS, €CIM €ro CTPOKM 3aMEHHUTh CTOJIOLAaMH, a
CTONOLBI  —  COOTBETCTBYIOIIMMM  CTpoKamu.  Takas  omepamusi  Ha3bIBaeTCA
MPAHCNOHUPOBAHUEM OTIPEIETUTEIIS.

Csoticmeo 8. Ompenenutenb HE W3MEHUTCS, €CIM K DJIEMEHTaM KaKOH-IMOO CTPOKH
(cTonbua) mprudaBUTH COOTBETCTBYIOLIME JIEMEHTHI IPYTrOi CTPOKH (CTOIO01A), YMHOKEHHBIE
Ha OJTHO U TO € YHUCIIO.

10. BekTop u ero aiuHa. Ko/uiuHeapHbie BeKTOPbl. PABeHCTBO BEKTOPOB

Cy1iecTByeT J1Ba BHUJIA BEJIWYWH: CKAISIPHBIE U BEKTOPHBIE. CKAIAPHOU GeIUYUHOU WIIH
CKaIsApoM Ha3bIBA€TCSl BEIMYMHA, HE O0Jajaolas HarpaBlIe€HUEM. BexmopHoi eenuyunou
Wi eekmopom (B IIMPOKOM CMBICIIE€) Ha3bIBaeTCAd BCSKas BEJIMYMHA, O0OJagaromas
HaIpaBJICHUEM.

Hanpumep, Macca Tena ecTh BelIMYMHA CKAJISIpPHAs, TaK KaK HE CBS3aHAa HU C KaKUM
HarpaBieHueM. Cuia, JACUCTByrOIass HAa MaTepHANIbHOE TENo, MPEACTaBISIET COOOM
BEKTOPHYIO BETMYMHY, TTOCKOJIbKY 00J1a/1aeT HAIIpaBICHUEM.

B ananuTtHueckorl reoOMETpUM GeKmopoM HA3BIBAETCA HANPABICHHBIM OTPE30K C
HAYajoM B TOYKE A M KOHIIOM B Touke B (puc.4).

B
a

A
Puc.4

J— -
O0o03Ha4aroT BCKTOpP OJHHUM H3 CICAYIOIIMUX cnoco0OoB: AB, AB, a, a. Paccrosuue
Mexay Todkamu A, B (mimHa otpe3ka AB) HasbIBaeTCs OiuHOU WA MOOYIeM BEKTOpa,

o6o3Hauaercs |AB| mmu [a]. Moaynb BEKTOpa — CKaNsIpHAs BEJTMYUHA.
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Bektop, mmuHa KoTOporo (pacCTosHUE MEXKAYy TO4YkamMu A, B) paBHa HYJIIO,
HAa3bIBACTCS HY/egblM. Y HYJIEBOIO BEKTOpA HAyaJl0 COBMHAJACT C €ro KOHIIOM, T.€. HYJIEBOU
BEKTOP MPEJICTABIISIET COOOM Mapy COBMAAIOLIUX TOYEK.

BexTopsl, nexalire Ha napajjiesIbHbIX MPSAMBIX (MM HA OJTHOM U TOM *Ke), Ha3bIBAIOTCS
KOJIUHEeapHbiMuy WIA napaiieiviuvimy. KommmHeapHble BEKTOPbI, UMEIOIIME OJHO U TO XKe
HAIIpaBJICHUE, HA3bIBAIOTCA  COHANpasieHHvimu. 1IpomueononodxicHo  HanpaeieHHvbIMU
Ha3bIBAIOTCS KOJUIMHEAPHBIE BEKTOPHI, HAIIPABJIEHHBIE B IIPOTUBOIIOJIOKHBIE CTOPOHEIL.

JIBa (HEHYJIEBBIX) BEKTOpPA CUUTAIOTCS PAGHbIMU, €CIU OHU COHANPABICHBI U UMEIOT
paBHbIE JUIMHBL. Bce HyneBbIe BEKTOPBI CUATAIOTCS PABHBIMU.

3ameuanue. PaBHbIE BEKTOPbl MOYHO COBMECTHTh C MOMOULIBIO IApPaLIEIBHOTO
II€peHoca.

JIBa TPOTUBOIIOJIOKHO HANPABICHHBIE BEKTOpPA, HMEIOIIUE pPaBHBIC JJIMHBI,
HA3BIBAIOTCS NpOomueononoxcHvimu. Ux 0603Ha4aroT Tak: a u-a .

11.Ci0xeHue BEKTOPOB

Pe3ynbTaTtoM CIOKEHHS BEKTOPOB & U b sABISETCS TpETHIl BEKTOP c - CyMMa BEKTOPOB
a+b. Bekrop-cyMMy MOMHO IIOCTPOMTH TaK: BHAYalle IIOCTPOUTL BEKTOP & , PACIIOIOKUB
€ro Hayajo B IPOM3BOJILHOM TOUKE. 3aTeM IMOCTPOUTH BEKTOP b , cuuras ero HauaaoM KoHel
IIEPBOTO CJIAraéMoro, BEKTopa a . BekTop, Hauano KOTOPOro COBHAAET C HAYAJIIOM BEKTOpA
a , a KOHEII-C KOHIIOM BEKTopa b, ects Bektop a+b (puc. 5,a). Takoe mpaBUio mOCTPOEHUS
CYMMBI IBYX HEHYJIEBBIX BEKTOPOB HA3BIBACTCS NPABUIOM MPey20IbHUKA.

CrnokeHre BEKTOPOB MOKHO PaCIpOCTPaHUTh Ha JI000€ YuCiIo BeKTOpoB. [1epBhIit BeKTOp
CTPOUTCS U3 IPOU3BOJIBHOM TOUKH, U3 €T0 KOHIIA CTPOUTCS BTOPOU BEKTOP, U3 KOHIIA BTOPOIO
BEKTOpa — TpeTud U T.A. Bekrop, Hadyajo KOTOpPOro COBHALAaeT C HA4yajgoM IIEPBOrO
CJIaraeMoro, a KOHEIl — C KOHIIOM IIOCJIEIHETO, €CTh BEKTOp - CyMma. Takoe IpaBUIIO
MOCTPOEHUsI CyMMbI 0ojee YeM JIByX HEHYJIEBbIX BEKTOPOB HAa3bIBAIOT HPAGUIOM
MHO20Y20bHUKA (NPABUNOM 3AMKHYMOU JA0MaHou) Wiu npasuiom yenu. CymMma Tpex
BEKTOPOB U300pakeHa Ha puc. 5,0).

b

b

a+b a

a+b+c
a) Puc.5 0)

CyMMy IBYX HEHYJIEBBIX M HEKOJUIMHEAPHBIX BEKTOPOB @ M b , Hayana KOTOPBIX
COBMEILIEHBI, U300pakatoT BEKTOPOM C TEM K€ HA4aJOM U COBMAJAOLIUM C JUArOHaJbIO
HapaieorpaMMa, CTOPOHaMHM KOTOPOTO SIBJISIOTCS BEKTOphl @ W b . Takoe mocTpoeHwme
BEKTOPAa-CyMMBI HA3bIBAIOT #paguiom napaiieiocpamma. K KoOJUIMHEapHBIM BEKTOpaM
MPaBUJIO MapaiesiorpaMMa He MPUMEHUMO.

CyMMa BEeKTOpOB 00J1aJaeT CAEAYIOIMMHI CBOWCTBAMHU:

Csoucmeo 1. Cymma IpOTHUBOMOJIOAKHBIX BEKTOPOB PaBHA HYJIEBOMY BEKTODY.

Cesoticmeo 2. OT NepeCTaHOBKM CJIaraéMbIX CYMMa BEKTOPOB HE MEHSETCS.

12.BblunTaHue BEKTOPOB
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Brruntanrue BEKTOpOB OmpeienseTcsi Kak JIeHCTBUE, 00paTHOE CIOKEHUIO.
Pa3HOCTBIO BEKTOPOB @ W b HaspIBaeTcs TpeTwii BEKTOp a—Db Takoi, 4ro cymma
BEKTOPOB b u @b Oyxer paBHa BekTOpy 4 .
Pa3HOCTL BEKTOPOB @ W b CTPOMTCS Tak: U3 MPOU3BOJBLHOIO HA4aaa CTPOSAT
BEKTOpBI @ 1 b . BekTop, Hauao KOTOPOro COBIAAAET C KOHIIOM BEKTOpa b (BHIYMTAEMOTrO),
a KOHEIl — ¢ KOHIIOM BEKTOpa @ (YMEHBIIAEMOTO0), ECTh PA3HOCTL BEKTOPOB @ u b (puc. 6).

c=a-b

a

Puc. 6
13. YMHOKeHUue BEeKTOpa HA YN CJI0
YMHOXUTh BEKTOpa Ha YHUCIO A O3HAYAET, YTO HYKHO IOCTPOUTH HOBBIA BEKTOp A&,
MapaJuIeNIbHBIA @ W yAOBJIETBOPSIOMINAN YCIOBUSAM:

1) BeKTOpHI & M A@ COHAIPABIEHBI IPH A > () U MPOTUBOIIOJIOKHO HAIIPABIICHBI TTPH A <
0;

2) mIMHA BEKTOpa A& paBHA MPOU3BEICHUIO JUIMHBI BEKTOpA & Ha MOAYJb Yncia A (puc.
7).

Puc. 7

Omnepaisi yMHOXKEHUSI BEKTOpa Ha YHUCIO O0JalaeT TEMHU K€ CBOMCTBAMHM, YTO M
YMHOKEHHE YHCEIL.

3ameuanue. Ecnu BEKTOp @ HEHYJIEBOM, TO BCAKUM BEKTOpP b, KoMHeapHBIH &,
MO>KHO MPEACTABUTH B BUJE A4 .

14. Pa3noxenue BekTopa no 6asucy. Koopannarel BekTopa
CBoOoaHbI BEeKTOp & (T. €. TaKoW BEKTOp, KOTOpPbIH 0e3 W3MEHEHHS JJIMHBI U
HaIpaBJICHUS MOXXET OBbITh MEPEHECEH B JIIOOYI0 TOYKY MPOCTPAHCTBA) B MPOCTPAHCTBE C
JCKapPTOBOM CUCTEMOW KOOpAHHAT OXyZ MOKET ObITh €IMHCTBEHHBIM CITOCOOOM TIPE/ICTaBJICH

B Buje:|@=2,-1+a,- ]+, Kirge i, j, k —6asucuble BekTOpHl (OpTHI Oceil Ox,Oy,0z, T. e.

CAMHUYHBIC BEKTOPHI, HAIIPABJICHUE KOTOPHIX COBMANAET C MOJOKUTEILHBIM HapPaBICHUEM
COOTBETCTBYIOIINX OCEM).
Takoe mpencTaBieHne BEKTOpa @ HA3bIBACTCS pasiodiceHuem no baszucy i, j, k. Uucna

a,, a,, a, Ha3bIBAIOTCS KOOpOuHamamu eéexmopa & B ITOM 0a3Hce, OHU PaBHBI MPOEKIUAM

BEKTOpa & Ha COOTBETCTBYIOIIUE OCH.
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B KOOpAHHATHOH (OpMe BEKTOP @ MOYHO 3aIHCaTh TAK: @ = |&,; a,; a, 5.

15.KoopanHaThl BeKTOpPA Yepe3 KOOPANHATHI ero HA4yaJjia i KOHIA
KoopauHatel BekTOpa AB 10 KOOpAMHATaM ero Hadama A(X,;Y,;Z,) U KOHIA
B(Xg ; Vg i Zg ) HAXOMATCA CIEIYIONIMM 00Pa3OM:

AB = {(XB - XA); (yB - yA); (ZB - ZA)} .
HHaqe FOBOp}I, JJIS1I HAXOXKJICHU S KOOpI[I/IHaT BeKTOpa HCO6XO):[I/IMO nu3 KOOpI[I/IHaT KOHIIa
BBIUCCTH COOTBCTCTByIOH_H/Ie KOOpI[I/IHaTBI HaydaJia.
16.JliuHa BeKkTOpa. PaccTosinue MexIy ABYMsI TOYKAMH
]_IJ-H/IHa BCKTOpAd, 3daJaHHOI'O CBOMMHU KOOpAHMHATAMH a= {ax; ay; a, }, OIIPCACIIACTCA

dopmymoii 1 [a]=,/a +a] +a’ .
3ameuanue. PaccrossHue MeX Ty AByMs ToukaMu ipoctpancTBa A(Xa; Ya; Za), B (Xs;

Ye,; Z8) BBIUMCIISACTCS KaK JIJTMHA BEKTOPA, UMEIOIIETO HaYallo B OJTHOW U3 3TUX TOYEK, 3 KOHEI]
— B JIpyTOU:

‘E‘ =\/(XB — X))+ (Vg —Yu) (25 —2,)7 .

17.leiicTBUsI HAJ BeKTOPaMH, 3aJaHHLIMH B KOOPAUHATHOI ¢opme. YciioBHue
NapalieIbHOCTH (KOJUINHEAPHOCTH) BEKTOPOB

JIuHeiiHbple onepanuu: CIOXKEHUE, BBIYMTAHUE U YMHOKXEHUE Ha YHCIO HAJl BEKTOPAMH,
3a/laHHBIMU CBOMMH KOOPJAMHATAMHM, BBIIIOJHSIOTCS MOKOOPAUHATHO, T. €. €CJIM BEKTOPHI & ,
b 3amaHel KoopauHaTamMu a= {ax; a,; az}, b= {bx; b,; b, }, A — 4YuCIO, TO CHpPaBEJIUBHI
(bopMyIIBI:

a+b={a,+b,)(a,+b,)(a,+b,)
a-b= {(ax _bx); (ay _by); (az _bz)}

Aa = {ﬂax; Aa,; Aa, }

Ycnosue napaiileibhocmu  6€Kmopos. Ecan HCHYJICBBIC BCKTOPLI éz{ax;ay;az},

b= {bx; b, ; bz} mapaulebHbl (KOJUIMHEAPHBI), TO BHINOJHAETCS COOTHOLIEHHE: a=Ab , a s

HUX KOOpAHWHAT CIIPAaBCIJIMBBI PAaBCHCTBA! b - b - b

18.CransipHoe mnpou3sBeleHHe IBYX BeKTOPOB. PU3MUYECKHIl CMBIC] CKAJSIPHOIO
NPOu3BeACHUS
CkanapHulm npouszgedeHuem JBYX BEKTOpOB a@ © b Ha3pIBaeTCs 4YHUCIIO, pPaBHOE

NPOM3BECHHIO JUTMH STHX BeKTOpoB [a], [b| Ha kocumyc yria (é 5) MEXKITY HEMH.

O6o3Havaror a-b wm (a,b). @ 5)=|5|"5‘C03(5A5j

3ameuanue. CKalsipHOE TMPOU3BEICHUE HEIb3sl PACHPOCTPAHUThL Ha Ciydail Tpex
COMHOXXUTEJIEN.

Qu3uueckuil cMblCll CKAIAPHO20 npouszeedenus. Ecnu BekTop @ mpencTaBiiser coOoi
CUJly, JCUCTBYIOUIYI0O Ha MAaT€pUAIBHYIO TOYKY, BEKTOpP b — CMeEIIeHHuEe 3TOMl TOYKH B
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pe3yabTarte BO3JICHCTBMS CUJIBI @ , TO CKaJIIPHOE POU3BENICHUE & -b YHUCIIEHHO paBHO pa60Te
CWJIHI a .

19.CBoiicTBa CKAJSIPHOTO MPOU3BEICHUS
Cesoticmeo 1 (nepemecmumenvroe c80UCMB0): (a, b): (b, a).
« « — 12

Cesoticmeo 2 (ckanspueiii keadpam): (a,a)=[al .

Ceoticmeo 3 (ycnosue pageHcmea HYmO CKAIAPHO20 NPOU3BEOEHUS HEHYNeBbIX
gekmopog).: ecnmn a=0, b=0, 10 (&, b): 0 Torja M TOJIbKO TOT/a, Korna a Lb .

Ceoticmeo 4 (couemamenvHoe c8OUCMBO OMHOCUMENbHO CKANAPHO20 MHOMCUMENS):
(1a,b)=(a, 2b)=2-(a,b).

Ceouicmeo 5. (pacnpedenumenvHoe c60UCMB0): (a, b +C): (a, 6)+(a, c).

20.BpIunciieHHe CKAJISPHOIO POM3Be/IeHNUsl Yepe3 KOOPANHATBI COMHOKHUTeJIei
ECIH BEKTOPbI-COMHOXHMTEIH 3aaHbl B KOOPIAMHATHON (opMme a=1a,; a,; a, |,

b= {bx; b,; b, }, TO UX CKJISIPHOE MPOU3BEICHHUE BBIUYUCISETCS IO PopMmyIie:

(a, t?):ax-bx+ay-by+aZ ‘b,

21.Yroq MexXay BeKTOpaMHU. YCJI0BHE MNEPHEeHIUKYJISIPHOCTH (OPTOrOHAJIBLHOCTH)
BEKTOpPOB
N3 omnpeneneHus CKalIsIpHOTO TPOW3BEACHUS clieayeT ¢dopMmyna JUisl BBIYUCICHUS
=) _lab
KOCHHYCa yIja MeXIy AByMsl BEKTOpaMHU cos(a bj: |(_| ‘5?
al-

C yderoM mnpaBWI BBIYMCICHHS JIMHBI BEKTOpPAa W CKaIPHOTO IPOU3BEICHUS B

KoopAuHaTHOM hopme, eciu a = {ax; a,; az}, b= {bx; b, ; bz}, [10JIyYaeM:

A a -b +a,-b +a -b
CO{Ebj: 2X: : yzzzzz'
\/ax+ay+az-\/bx+by+bz

Ycnosue nepnenouxynapuocmu (opmozonanvhocmu) eexkmopog. JIBa HEHYJEBbIX
BEKTOpa MEPIEHIUKYJISIPHBI (OPTOTOHAJIbHBI) TOT/Ia M TOJBKO TOTJA, KOTJA BBIMOJHSIETCS

cnemyromee ycnopue:| & -0 +a, -b, +a, -b, =0

22. BekTOopHOE NMpou3Be/ieHUE IBYX BEKTOPOB

Bexmopuvim npouséedenuem BEKTOpa a Ha BEKTOp b  HasbIBaeTcs BEKTOP C,
YIOBJIETBOPSIOLINNA CIEIYIOUMM TPEM YCIOBHSM:

1. Jnuna BekTOopa C paBHa IUIOLIAAM MapajjerorpaMMa, CTOPOHAMH KOTOPOTO
CITy’KaT BEKTOPHI-COMHOKUTENM d U b :

c =|a‘|-‘5‘sin(§A5)

2. Bekrop € mepneHmuKyJIsSpeH BeKTopam a u b .
3. Tpoiika BekTopoB & ,b ,C moOcje MPUBEACHUS K 00IIEeMy Hayaly OpUEHTHUpOBaHa
TaK e, Kak TpoiiKka 0a3uCHBIX BEKTOPOB i, |, k (mpaBas Tpoiika) (puc. 8).
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Tpolika HeHyIEeBBIX M HE MapajvieIbHbIX BEKTOPOB a ,b ,T, B3AThIX B yKa3aHHOM
NopsJIKe, HA3bIBAETCS NPABOLL, €CIHU KpaTYalIlnii TOBOPOT OT MEPBOT0 BEKTOPA @ KO BTOPOMY
BEKTOpY Db BHUIEeH HAOIIOIATENIO M3 KOHIIA TPETHErO BEKTOPA C IPOTUB YaCOBOM CTPEIKH.
Ecnu sxe Takoi TOBOPOT COBEPIIAETCS IO YACOBOM CTpEJIKe, TO TPOMKa HA3bIBACTCS J1€GOLL.

A

ir]

Puc

OG03HAYAIOT BEKTOPHOE MPOM3BEICHNE Tak: axb wm [a,b].

3ameuanue. BGKTOpHOG IIPOU3BCACHUC IMHUPOKO IIPUMCHACTCA B (1)1/131/11(6 )51

MCXaHHKC. HaHpI/IMep, gcepe3 BCKTOPHOC IIPOHU3BCACHHUC BbIYHUCIICTCA MOMCHT CHIIBI,
HpHJIO)KGHHOﬁ K MaTepHaHBHOﬁ TOYKC.

23. CBoiicTBa BEKTOPHOI'0 MPOU3BEIeHUSI.
Ceoucmeo 1. Ilpy nepecTaHOBKE COMHOKHUTEIIEW MECTAMU BEKTOPHOE IIPOU3BEICHHE
MEHSET 3HaK, TO €CTh, BEKTOPHOE IMPOU3BEICHUE HE 00JIaJaeT IEPEMECTUTENBHBIM CBOICTBOM
axb=-bxa.
Ceoiicmeo 2. BekTopHOE IPOU3BEACHUE BEKTOPA HAa ce0s paBHO HYJIEBOMY BEKTODY.

Ceoticmeo 3. Ecin BCKTOPHOC IIPOU3BCACHNUC HCHYJICBBIX BCKTOPOB PABHO HYJICBOMY
BCKTOPY, TO BCKTOPBI — COMHOZKUTCIIN I1apalJICIIbHBI

az0, b-0uaxb=0,— EHE.
Ceoticmeo 4 (couemamenvHoe c80UCME0):
(lﬁ)xﬁzﬁx(ﬂﬁ)zﬂ,-(axﬁ).
Ceoticmeo 5 (pacnpedenumenvroe c80UCMEBO):
5x(5+a):5x5+§xa.

24. BoIpakeHHe BEKTOPHOTI'0 NMPOU3Be/IeHNsI Yepe3 KOOPAUHATHI COMHOKHTEIel
Ecim a= {ax; a,; az}, b= {bx; b, ; bz}, TO BEKTOPHOE MIPOM3BEACHUE @ U b HaxomuTcs 1o
dhopmyne:

P
axb=la,  a
b, b

X y

y

k
aZ
bZ

PaznoxenneM onpeaenuTens IO NOEPBOM  CTPOKE  IMOJIy4aeTCs
MPEJICTABICHUE BEKTOPHOTO MPOU3BEACHUS:

aa‘

clenyroniee

y z

b, b

y z

axb=i-
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25. Ilnomans mapajuieiorpaMMa 4epe3 BeKTOpHoe mnpousBeaenue. Iliomanb
TPeyroJbHHUKA

l'eomempuueckuii cmvici 8ekmopHo2o npouszsedenusi. Moaylb BEKTOPHOIO

IPOU3BENCHUS IBYX BEKTOPOB YHMCJIEHHO PAaBEH IUIOMIAAM MapajulesiorpaMMa, CTOPOHAMH

KOTOPOTO CIIy’KaT BEKTOPBI — COMHOXKHUTENH S, = ‘ AB x AC ‘ :

Kax cnenacteue u3 3Toit hopmymsl moirydaercs hopMysia BEIYUCICHUS TUTOIAIH
TPEYTOJIbHUKA, CTOPOHAMH KOTOPOTO SIBIISIFOTCSI BEKTOPHI — COMHOXHUTEIIU:

SAABC:%‘ABXAC‘.

26. CMemanHoe NMPOM3BEACHUE TPEX BEKTOPOB. FeOMeTpH‘ICCKI/lﬁ CMBICJI
CMCIIAHHOI'O MPOU3BECACHUI. KOMHJIaHaprIe BEKTOPbI

Cmewannvim npousseoeHuem TpeX BEKTOPoB & , b, T (B3ATIX B yKa3aHHOM IIOPSIKE)
HA3BIBAETCSA YKCIIO, PABHOE CKAISPHOMY IPOM3BEICHHIO BEKTOpoB axb m C: (axb,T).
OGo3Havaror ero Tak: abc wm (a, b, ¢).

(@b, c)=(axb, c).

Tpu BekTOpa HAa3BIBAIOTCA KOMNAAHAPHLIMU, €CITA OHM, OyJIy4H TNPUBEICHHBIMU K
o0mieMy Havaly, pachoJIOK€HBI B OJHOU MJIOCKOCTH. Cpenr 3TUX BEKTOPOB MOTYT OBITh U
HYJIEBbIE BEKTOPBHI.

l'eomempuueckuii  CMbICT CMEUWAHHO20 NPOU3BEOEHUS. Mopmynb cMemaHHOTO
MPOM3BENCHUSI TpPEX HEKOMIIAaHAPHBIX BEKTOPOB paBeH o00beMy MapajuleNenunenaa,
MOCTPOCHHOTO Ha OTUX BEKTOpax (BEKTOPHl — COMHOXHTENIH CIyXaT pebdpamu
napajuieNienune1a, BEIXOASIIUMHI U3 OJTHOW BEPIIIHHBI).

Ycnosue xomnnanapnocmu eéexmopos. Tpu BeKTOpa KOMIUIAHAPHBI TOTJA U TOJBKO
TOTJa, KOT/Ia UX CMELIaHHOE IPOU3BEIEHUE PABHO HYJIIO.

27. CBoiicTBa CMENIAHHOTO MPOU3BeeHUS

Ceoticmeo 1. CMellIaHHOE MMPOU3BEAECHUE HE MEHSAETCS IPU KPYTrOBOM NIEPECTAHOBKE
comuoxureneii (a,b,¢)=(¢,a,b)=(b,z,a).

Ceoticmeo 2. I1pu nepecTaHOBKE JIOOBIX IBYX COMHOXKUTEJICH MECTaMU CMEIIaHHOE
MIPOU3BEACHNE MCHSCT 3HAK (a,b ) (b a, c) (a b, c) (c b, a) (a b, c) (a c, b)

Ceoticmeo 3. CMellIaHHOE MPOU3BEIACHUE HE W3MEHMUTCSA, €CJIM B HEM IOMEHSTh
MeCTaMH BEKTOPHOE U CKAJISIPHOE IIPOU3BEIACHUS (éxb, C): (ﬁ, b x c‘:).

Csoticmeo 4. Ecniu @ #0, b 20, ¢#0, To (ﬁ, b, c):o TOT/Ia U TOJIBKO TOrJa, Korjaa
BEKTOPHI a,b,C KOMIUIAaHAPHBI.

Csoticmeo 5 (pacnpedenumenshoe céoicmso) [@+b,¢,d)=(ac, d)+ (0, z, d).
Cesoticmeo 6 (couemamenvHoe C80UCME0) (ﬁ, b, E)z /1(5, E,C).
Cesoticmeo 7. Ecnyn cMeliaHHOE POU3BEACHHUE TPEX HEKOMIUIAHAPHBIX BEKTOPOB &
b, T (B34TBIX B yKa3aHHOM IMOPSIKE) MOJIOKUTEIBHO, TO BEKTOPHI — COMHOKUTEIHU (B TAKOM
e Mopsiike) 00pa3yloT MpaByIo TPOMKY, €CIIU K€ CMELIaHHOE TPOU3BEIEHUE OTPHUIIATEIbHO,
TO BEKTOPBI — COMHOKUTEIHN 00pa3yIoT JIEBYIO TPOUKY.

28. BolpakeHue CMEIIAHHOT0 MPOU3BeIeHUs Yepe3 KOOPIAMHATHI
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coMHOKUTeNel. [Ipu3HaAK KOMIVIAHAPHOCTH B KOOPAMHATHOM ¢opMme

Yepe3  koOpaAMHATBI ~ BEKTOPOB-COMHOKHUTEIIEH §={ax;ay;az}, b={bx;by;bz}

c= {cx; Cy; cz} CMEIIaHHOE MPOU3BEICHIE HAXOAUTCS 110 CIeAyIoIen hopmyIie:

a'X
(@,b.c)=|b, b, b
CX

IIpusnax Komnaanaprocmu mpex 6eKkmopos 6 koopounamuou ¢popme. Bexropsl @, b ,
C KOMILUIaHAPHBI TOT/Ia U TOJIBKO TOT/1a, KOTJIa BBIIIOJIHSAETCS YCIOBUE:

a, a, a,
(@b,c)=0 — |b, b, b,|=0.
C C C

29. O0bem napasuienenunena. Od0beM TpeyroJbHOM NMPAMHU/IbI
O0vem mnapamnenenunena V,, , IMOCTPOEHHOIO Ha BeKTopax a,b,C, (T.e. 3TH

BEKTOPBI CIIy»aT pedpamMu Mapajjiesienune/ia, BIXOASIIIMMU U3 OAHOW BEPIIMHBI) U 00beM
00pa30BaHHON UMU TPEYTrOJbHON MUpaMUIbI V,,, HAXOIATCA MO CleayroumM GopMysam:

nup.

v,, =|@b.c) V,mp=%\(5’5'5)‘

30. Ob6mee ypaBHenue miaockoctu. Ocolble ciydyau pacnosioKeHUsl NMJI0CKOCTH
OTHOCHTEJILHO CHCTEMbI KOOPAUHAT

VYpaBHeHue 11000i MIOCKOCTH MOKHO 3aMMCaTh B CIEAYIOIIEM BUJIE:

Ax+By+Cz+D=0

rae A’ +B?+C? =0 (uncia A B,C He paBHBI HYJIIO OQHOBPEMEHHO). Takoe ypaBHeHHE

HA3BIBACTCS 0OWUM YPABHEHUEM NIOCKOCTIL.
Bektop N ={A; B;C} mnepneHAuKyIspeH IUIOCKOCTH (puc.9), €ro Has3bIBalOT

HOPMAIbHLIM 8€KMOPOM naockocmu (M BEKTOPOM-HOPMAJIBIO).
A _
N

I I

Puc. 9

31. Yc/0BuA NapaiieJIbHOCTH M NEPHEeHINKYJISIPHOCTH IBYX INIOCKOCTeNH
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JBe mmockoctn  Ax+By+Ciz+D, =0 U AXx+B,y+C,z+D, =0 napajuieJibHbl TOTJa

H TOJIBKO TOr'Ida, KOTJa IMapaJuICJIbHbI X HOPMAJIbHBIC BEKTOPLI (Nlu Nz ), a 3TO PAaBHOCHUIIBHO

CJICAYIOLIEMY YCIIOBHIO. i = E = &
A2 Bz Cz

JIBe IIOCKOCTH NEPIICHAUKYJISIPHBI TOT /1A U TOJIBKO TOT' /1A, KOT1a IEPIIEHAUKYJIPHBI UX
BEKTOPBI HOpMaIH (Nl 1 NZ). VYcioBUEM NEPINEHIMKYJISPHOCTH JABYX BEKTOPOB CILYXKUT
caenymwuiee yciaosue AA, +BB,+CC,=0.

32.¥Yr10oJ1 MeXKIY IBYMS IIOCKOCTAMM

Yron Mexay ABYMS IUIOCKOCTAMHM AXx+By+Cz+D, =0 U Ax+B,y+C,z+D,=0
HaXOQUTCS KaK YyTroJl MEKAYy UX HOpMaJIbHBIMU BEKTOpaMH

- +B,B,+C.C
cosw:cos(N1 sz: A% 5B, + GG, :
JAZ 1B +CZ /A2 + B2 +C2
33. YpaBHeHHe ILUIOCKOCTH, MPOXOJsiiell Yepe3 JAaHHYH TOYKY NapasljieibHO

3aJaHHOM MJIOCKOCTH (NePHEeHIMKYJ/ISIPHO 32IaHHOMY BEKTOPY)
[1710CKOCTb, MPOXOAAIIAs Yepe3 NaHHYI0 TOUKY M (Xy;Y,:Z,) MapajuIelIbHO JTaHHOM

IWI0CKOCTH AX+By+Cz+D =0, 3amaercs ypaBuenueM  A(x—x,)+B(y—y,)+C(z—-z,)=0.

Eciii MmIOCKOCTh TPOXOAUT Yepe3 3aJaHHyl0 TOUKY M, (X,;Y,:Z,) TEPIEHAUKYIAPHO
JaHHOMY  BEKTOPY N={AB;C}, To oOHa  MPEICTABISICTCS ypaBHCHHEM
A(X—%,)+B(y—y,)+C(z—2,)=0.

34. YpaBHeHHeE II0CKOCTH, IPOXOASINEl Yepe3 TPH 3aJaHHbIe TOYKH
VpaBHEeHHE  IUIOCKOCTH,  HPOXOAANIEH  4Yepe3  TpU  3aJaHHBIE  TOYKH
M, (%, Yo X ) M, (%5, ¥, 2, ), My(Xs, Va0 Z5) , He JTeKarpe Ha OJHOM HPAMOM, MMEeT ClieqyFoIuii
BUJL
X=X Y=Y -1
X, =X Y.—¥1 Z,—17|=0.
=X Ys=Y1 234

35. YpaBHeHHE IJIOCKOCTH B 0TPe3KaX HA 0CAX
Eciu maockocTh 0TCEKaeT Ha KOOPIUHATHBIX OCSIX OTPE3KH @, b, C, He paBHbIC HYJIO

(puc. 10), To ee MOXKHO TIPEACTABUTH YPABHEHUEM
5 + X + E =1
a b c

KOTOPOC HA3BIBACTCS «YpPABHEHUEM NIAOCKOCNU 6 OMPE3IKAX HA OCAX.

3ameuanue. Yucna a, b, C MOTYT OBITh KaK IMOJIOXKHTEILHBIMH, TAK U OTPUIATECILHBIMU
B 3aBUCUMOCTH OT TOT'0, Ha KaKOM 4aCTH OCH TJIOCKOCTh OTCEKaeT oTpe3okK. Eciu, Hampumep,
MIJIOCKOCTh OTCEKAEeT OTPE30K Ha oTpuIiaTeapHoM yacTu ocu OX, To a<O0.
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Puc. 10

36. Kanonnuyeckue (cHMMeTpPHYHbIE) YPABHEHHsI MPSIMOM JIMHUM B TPeXMEpPHOM
NPOCTPAHCTBE

[IpsiMast UHUS B TPEXMEPHOM IPOCTPAHCTBE MOKET OBITh 3aJjaHA KAHOHUYECKUMU

X=X _ Y=Y _2-1%
ypasHenuamu || - e

rae Touka M, (Xy;Y,;Z,)—1r00as QUKCHMpOBaHHAs TOUKA, JIEXKAIIass Ha 3TOW MPAMOM.
Bektop S ={I;m;n}, Ha3bIBACMbIN HANPAGIAIOWUM BEKMOPOM NPAMOLL, TAPAIIIEIEH 3TOM
MIPSAMOM.
3aMeTUM, YTO B KAueCTBE HAMPABJISAIONIETO BEKTOpa MPSIMON MOKHO B3SITh JIHOOOM
BEKTOP, KOTOPBIN NTapaJlIEIICH EH.
Kanonnueckue YpaBHEHHS BBIPAXKAIOT yCJIOBUE IapajuIeIbHOCTH
HAIpaBJIAIONIEro BEKTOPA MPMOii U BeKTopa MM, , e Mo —(uKkcupoBanHas To4Ka IpSMOi,

a M-teky1as Touka 3TOM MPSIMOM.
3ameuanue. KaHoHUYECKHE ypaBHEHUS MPSIMOM B MPOCTPAHCTBE TAKKE HA3bIBAIOTCS
CUMMEMPULECKUMU YPAGHEHUAMU.

37. Yrou Mexkay ABYMsi NPSIMbIMH, 32 JaHHBIMA KAHOHHYECKUMHU YPABHEHUSIMH
Yron MCKIY IIPpAMBIMU, 3aJaHHbIMHA KaHOHUYCCKNUMHAU YPaBHCHUAMU,
X=% _Y=¥% _2-4 " X=X _ Y=Y _2-7
1, m n 1, m, n,

, OIpefenseTcs Kak yYrol MEKIy UX

HalpaBJIAIOIIUMHA BEKTOPAMHU

c05(p:cos(§lAS_2j: - |1|22 +|’T]21m2 +2n1n22 -
\/Il +m; +n; -\/I2 +m; +n,

Ycnosue napannenvnocmu 08yx npsamuix, 3a0aHHbBIX NAPAMEMPUYECKUMU YPABHEHUAMU

QS Il ml nl
S
2 2 2
Yenosue nepnenouxynsipnocmu 08yx npsimvix (§1 1 §2): Ll, +mm,+nn,=0.

38. ¥Yroa Mexay npsiMoii ¥ IjiI0CKOCThIO
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. X=X - Z-1
Yroa Mexay mpsMoit | 0 Y my° = 2

U IIJIOCKOCThIO Ax+By+Cz+D=0

yJIOBJIETBOPSIET COOTHOIICHHUIO (puc. 11): o= %— ( NS j :

A E

=
~

[TosTomy cnipaBenBa popmyra: sing =

Puc.

Al + Bm+Cn
\/A2+Bz+C2 -\/I2+m2+n2

Ycnosue nepnenouxynspnocmu npamou u niocKocmu (NH§ ): Al+Bm+Cn=0.
A B C

Yenosue napannensnocmu npsamoii u niockocmu (N 1S ): T

39. YpaBHeHuHe NPAMOii, Ipoxoasiiieil yepe3 aBe 3alaHHbIE TOUYKH

Eciu npsiMasi MPOXOUT Yepe3 JIBE 3aaHHbIe TOYKH M, (X;y,;z,) B M,(X,;Y,;Z,), TO OHa
NPEICTABIIAETCS CIEAYIOIIUM YPAaBHEHUEM

X—X% — Y=Y, _ 274

Xy =X Yo=Y Z, =1,

40. MaTpuubl. Buab maTpuig
Mampuyeti pazmeprnocmu mxn (M ua N) Ha3bIBaeTCI MNPAMOYrojbHAs TaOIIHIa,
COCTOSAIIAs U3 M CTPOK K N CTOJOIIOB

&y ap &y
A _ a21 a22 a2n
aml amz a'mn

Kparko maTpuily MOKHO 3anucarh TaK:

A:(aij )i=1,,,.,m; j=l’“”nI/IJ'II/I A=(aij)_

Kax b1l 31eMeHT MaTpulbl, Kak U 3JIEMEHT ONPEACIUTEIS, UMEET JBOWHOU MHJIEKC,
YKa3bIBAIONTUH HA HOMEP CTPOKH M HOMEP CTOJIOI[a, B KOTOPBIX PACTIONOKEH JIEMEHT.

Martpuily Ha3bIBalOT K8AOPAMHOU, €CIU KOJWYECTBO €€ CTPOK PaBHO KOJIMUYECTBY
CTOJIOIOB: M=n. Yucao N mpu 3TOM HA3BIBAIOT NOPAOKOM K8AOPAMHOU MAMPUYBL.
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KBaznpaTHOl MaTpulie MOKHO IOCTaBUTh B COOTBETCTBHUE ONPEAEIINUTENb, COCTOSIIMIA
3 ee >IEMEHTOB. Ero Ha3hIBAIOT onpedenumenem mampuysl 1 0003Ha4aroT |A .

47 47
Az(l —1j:|A|=1 -

1

KBaznpaTHast MaTpuLia Ha3bIBACTCS HEGbIPOICOEHHOU, ECIIU €€ ONPENCIIUTENb OTIINYCH
OT HYJISL.
Eounuunoii mampuyeri Ha3bIBAIOT KBAaJAPAaTHYI0 MATpPHUILy, 3JEMEHTHl TIJIABHOU
nauaroHaau Kotopoit paBuel 1, a Bce ocrtampHbie — 0. Hampumep, eauHHYHas MaTpuiia
100

TpEThETO nopsika umeer Bua: E=(0 1 0
0 0 1

KBagpaTHyto MaTtpuily Ha3bIBalOT 8EPXHEMPEY20IbHOU, €CIN BCE €€ DIIEMEHTHI,
PaCIOJI0KEHHBIE HIXKE TJIABHOW TMAaroHaliy, paBHbI HYJIO.
KBagpaTHyt0 MaTpully Ha3bIBalOT HUNCHEMPEY2O0IbHOU, €CIU BCE €€ SIJIEMEHTHI,
PaCIIOJI0KEHHBIC BBIIIE IIIaBHOW JTUAroOHaIM, paBHBI HYJIIO.
Hanpumep, matpuua A - gepxuempeyzonvnas, mampuya B — nuoswcnempeyzonvnas:

5 3 1 9 0 O
A=|0 -2 0, B=| 6 4 0
0O 0 7 -8 1 1

Matpuna A’, cTpokaMu KOTOPOW CITy>KaT COOTBETCTBYIOIIME CTOJOLBI MaTpUIbl A, a
CTOJIOITAMU — COOTBETCTBYIOLIME CTPOKM MATpULbl A, Ha3bIBACTCS MPAHCNOHUPOBAHHOU
mampuyet 175 MaTpuubl A.

1 3 -4 1 0 -7
Ecom A=| 0 2 5|, tTo A"=| 3 2
-7 4 1 -4 5 1

41. JleiicTBusi HAJA MATPULIAMU: CJI0KEHHE, YMHOKEHHE HA YUCJIO0, IPOU3BeIeHue
MAaTpHIL

Cymmou 1Byx Matpul A= (aij ), B= (bij) Ha3bIBaeTcsa MaTpuna A+ B = (aij +b, ).

WNnaue roBopsi, 4YTOOBI CJHOXHUTH [JBE€ MAaTpPULbl, HEOOXOJUMO CIOXKHUTb HX
COOTBETCTBYIOIIME AIEMEHTHI (3JEMEHTHI C OAMHAKOBBIMU HHJEKcamH). O4eBUIAHO, 4YTO
CKIA0bI8AMb MONACHO MONLKO MAMPUYbl 0OUHAKOBOU PAIMEPHOCHU.

IIpouseedenuem MaTpuilbl A Ha YUCIO A Ha3bIBaeTCs MaTpHIIA /1A:(/1-aij). Takum

o0pa3oM, YTOOBI YMHOXHUTH MaTPHILy HA YUCIIO, CIEAYET BCE €€ DJIEMEHThl YMHOXKUTh Ha TO
YUCJIO.

[Iycte Mmarpuna A= (aij) MMeEEeT pPasMEpHOCTb Mxp, Marpuua B= (b jk) MMeeT
pa3sMepHOCTh Pxn. [lpouzsedenuem ™Matpullbl A Ha MaTpuily B Ha3bIBaeTCs MaTpulia
C =A-B pa3MepHOCTH MxXN, 3JIEMEHTHI KOTOPOU OMPeAeIIOTCs (HOPMYIIOii:

P
Ci = zaij 'bjk
j=1
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i=1...m; k=1..,n, T.e. aJIeMEHT C;, MaTPUUbI-IPOU3BEICHHUS, CTOSIIHNMI B |- ON
cTpoke u K - om cToJIOIe, paBeH CyMMe TIPOU3BEACHUI COOTBETCTBYIOIIUX JJIEMEHTOB | - O
CTpOKH MaTpullsl A 1 K - ro ctonbiia matpuibl B . MiHave roBopsi, 4T0OBI YMHOXKHUTH MATPHUILY
A Ha matpuiy B, HeoOXoaMMO CTpOKHM A yMHOXaTh MOOYEPEIHO Ha CTOJOIBI B U
pEe3yJbTaThI 3aIIUCHIBATH IO CTPOKAM.

3ameuanue. JIBe MaTpuiibl MOXKHO TIEPEMHOKUTH JUIIb MIPU YCIOBUH, YTO KOJIUYECTBO
CTOJIOIIOB TIEPBOTO MHOYKHTEJS PaBHO KOJUYECTBY CTPOK BTOporo. [Ipu 3ToM B pesynbrare
MOJyYUTCS MATPHIA, Y KOTOPOU CTPOK CTOJBKO K€, CKOJBKO UX Y MEPBOTO MHOXKHUTEIA, a
CTOJIOIIOB CTOJIBKO, CKOJIBKO UX Y BTOPOTO.

42. CBoiicTBa JeiicTBUII HaJl MATPULIAMM

IIycte A, B, C — marpunpl; o, B, — uucna. CrpaBemjiuBbl CICAYIOIIUE CBOMCTBA
JNIEVUCTBUN HAJl MAaTPULIAMH:

Csoticmeo 1. AcconatuBHOCTb onepanuu cioxenus: (A + B)+C =A +(B + C).

Cesoticmeo 2. KoMMyTaTUBHOCTH oriepaiuu cioxenus: A+ B =B + A.

Csoticmeo 3. AcconmatuBHOCTh oneparuu npousseacHus: ( AB) C = A (BC).

Csoucmeo 4. 1IponsBeneHne MaTpull He KOMMYTaTUBHO: A-B=B-A.

(MuHoraa Haiitu npousseneHue A-B BO3MOXHO, a B - A—HeT.)

Csoticmso 5. [luctpuOyTuBHbIH 3akoH: A (B + C) = AB + AC; (B + C) A= BA + CA.

Ceoticmso 6. (o + f)A=oA+ A; oa(fA)=(ap)A; a(A+B)=04d +aB.

43. Panr MmaTpuubl

ITycTh 3a1ana maTpuia A pasMepHOCTH MxN . Beiaenum B Hel K MPOU3BOJIBLHBIX CTPOK
U Kk mpou3BOBHBIX cTOIOIOB (k <m, k <n). Onpeaenurens K - To mopsijika, COCTaBICHHBIN U3
AJIEMEHTOB MaTPHUIIBI A, PacIoJIOKCHHBIX Ha TIEPECEUCHNN BBIOPAHHBIX CTPOK W CTOJIOIOB,
Ha3bIBACTCSI MUHOPOM K -TO TIOpsi/IKa MaTpUIIBI A.

Hanpumep, B maTpuie

BBIOEpEM JIBE TIEPBBIC CTPOKH U JBA MOCIEAHUX CTOJIONA. DIEMEHTHI, CTOSIINE Ha UX
MepPECEUCHUH, 00Pa3yOT OMPENETUTENh BTOPOTO MOPSAKA, KOTOPBIA MPEACTaBIseT cOoO0M
-3 2

1 -5

Camu 351eMEeHThI MaTPUIbl CYUTAKOTCS MUHOPAMU NIEPBOTO MOPSIKA.

Pancom mampuysr HazpiBaeTCs HaUOONBIINNA TMOPSAOK MHUHOpPAa 3TON MAaTPHIIBI,
OTJIMYHOTO OT HYJIs, 0603Hauaercs panr r(A),

OJMH U3 MUHOPOB MaTpuLbl A BTOPOTO Mopsiaka A =

Besaxuii OTIMYHBIA OT HYJs MUHOP MaTpulbl A, IOPALOK KOTOPOI'O PaBEH paHIYy,
Ha3bIBACTCS OA3UCHbIM MUHOPOM MAMPUYDL.

JIBe matpuilpl A U B Ha3bIBAIOTCA 9KEUBANEHMHbIMU, €CIIA BBIIOJHACTCS PAaBEHCTBO
r(A)=r(B). DKBHBaJICHTHBIC MATPUIILI 0003HAYAFOTCS TaK: A~B .

Bpraucnnuth paHr Marpunsl ¢ IMOMOIIBIO ONPENEIICHUS 3aTPYAHUTEIBHO, ITOCKOJIBKY
Ja)ke MaTpUlla HeOOIbIION pa3MEpHOCTH UMEET 3HAUUTEIHHOE KOJIMYECTBO MUHOPOB.
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JIis HaXOXIEHWS paHra MaTpHily C TMOMOINBIO 3JIEMEHTapHBIX MpeoOpa3oBaHUA
MPUBOJAT K TPANEUEBUIHON (B YACTHOCTH, K BEPXHETPEYTOIHHOMN ) SKBHBAJIICHTHON MaTpHIIE
(amemMeHTapHBIe TPE0OPa30BAHUS COXPAHSIOT PAHT), PAHT KOTOPOW BBIUUCIISIETCS YCTHO.

[Ton mpaneyuesuonoii popmoti mampuysi TOHUMAIOT TaKyro (GopMy, B KOTOPOH Bce
AJIEMEHTBI, PACTIOIOKEHHBIE HIDKE TJIABHOM TMaroHaiu, paBHbI HYJIIO.

DemeHmapHuiMU npeoopazo8aHUAMU MamMpuybl Ha3bIBAIOT CIEAYIOIINE OTIEPAIIH:

1) 3ameHy CTpOK cTOJIOIIAMH, a CTOJOIOB COOTBETCTBYIOIIMMHU CTPOKAMHU
(TpaHCTIOHUPOBAHUE MATPUIIHI);

2) TEepecTaHOBKY CTPOK (CTOJIOIIOB) MECTAMH;

3) BBIYEPKHBAHHE CTPOKH (CTOJIOIA), BCE AIEMEHTHI KOTOPOW paBHBI HYJIIO;

4) yMHOXEHHE KaKOH-TH00 CTpOKH (CTOI011a) Ha OTIIMYHOE OT HYJISA YHCIIO;

5) npubaBiacHHE K DJJEMEHTaM OIHOHW CTPOKH (CTOJIOIA) COOTBETCTBYIOIIUX
AJIEMEHTOB JIPYTOM CTPOKHU (CTOIOIIA).

1 2 3 -1
IIpumep. Beraucants panr Matpunsl A, ecom A=[3 1 2 4
2 -1 -1 5

Pewenue.  UYToOBbI MOJYYUTH HYJIEBBIC D3JIEMEHTHI B TIEPBOM CTOJIOIE HIKE
JIUArOHAJIbHOTO, BBIMOJIHUM CJIEIYIOLIUE JIEMEHTAPHBIE MPE0Opa30BaHUS:
v BTODYIO CTPOKY CIIOKHM C TIEPBOM, YMHOKEHHOM Ha uncio (- 3) ;

v TPETHIO CTPOKY CJIOKHM C TIEPBOH, yMHOKEHHO#H Ha uncio (- 2):
1 2 3 -1 1 2 3 -1

3 1 2 4(~-|0 -5 -7 7
2 -1 -1 5 0 -5 -7 7

JIist moJiydeHusl HYJIEBOTO JJIEMEHTa BO BTOPOM CTOJOIE HIMXKE AMArOHaJIbHOTO W3
TPEThEN CTPOKHU BBIUTEM BTOPYIO:

................

1 2 3 -T2 3 -1
0 -5 -7 7}=]0. 45 -7 7

...............

O -5 -7 7)) {0 0 O O

B nocnenneit Matpuiie TpanerueBUaAHON GOpMBI Ha TIEPECEUECHUN TIEPBBIX JABYX CTPOK
Y TIEPBBIX JIBYX CTOJIOIOB HAXOASTCS SJIEMEHTHI, KOTOPhIE 00pa3yr0T MUHOP BTOPOTO MOPSIIKA
1 2
OTJIMYHBIN OT HYJIA: =-5=#0,
0 -5
Bce MUHOpBI TPETHErO MOPSIIKA PABHBI HYJIO, TAK KaK COAEPIKAT CTPOKY U3 HYJICH.
CrnenoBaTeNnbHO, paHT MaTpPUIlBl KaK IMOJYYEHHON B pe3yJbTaTe MpeoOpa3oBaHUM, TaK H
3a7aHHOM, paBeH 2: r(A)=2. PacCMOTpEHHBINH OTIIMYHBIA OT HyJISI MHHOP BTOPOTO MOPSIKa
SIBJISIETCS 0a3UCHBIM.
3amMeTuM, 4yTO BCE MPOBEICHHBIC AJIEMEHTAPHBIE TPE0OPa30BaAHUS MOKHO
0(OpMHUTH KOPOTKO CIIeIyIOIKUM 00pa3oM, o0o3Havas yepe3 C CTpOKM MaTpullbl, a
gyepe3 S —ee CTOJNOIbI.
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1 2 3 -1 1 2 3 -1 1 2 3 -1

C,: C+(-3)C, Cy: GG,

3 1 2 4| ~ |0 -5 -7 7| - 0 -5 -7 7|=r(A)=2.
Cy: CH(-2)C

2 -1 -1 5 0 -5 -7 7 0O 0 0 O

Omeem: r(A)=2,
44. CucteMbl JTUHEHHBIX YPABHEHUH
X, +a,X, +...+a, X, = b

Ay X, +8,X, +...+a = b,

2n"*n

Cucrema BHIA: ,

A Xy F X, +...+8,,X, =b

m
TAE€ X, Xy, ..., X, —HEU3BECTHBIE, a @&, b, i,=1...,m; j=1...,n-3amaHHbIC 4YHUCI]Aa,

HAa3bIBACTCS CUCTEMOU M JTUHEUHbIX YPABHEHUU C N Heu38eCmHbIMU.
Pewenuem cucmemvr Ha3pIBaeTCS yNOPSAOUYCHHBIM HAOOp U3 N YuCen (xl,xz,...,xn),

oOpalniaroniuii Bce ypaBHEHHs CUCTEMBI B TOK/IECTBA MPHU MOJICTAHOBKE B HUX.
CucteMa ypaBHEHMH Ha3bIBACTCS COBMECHMIHOU, €CIIM OHAa MMEET XOTsA Obl OJHO
pemenne. Eciny y CUCTEMBI HET HU OTHOTO PELICHUS, OHA HA3BIBAETCS HECOBMECTHOU.
Cucrema Ha3bIBaeTCsI 0OHOPOOHOI, €CIIA BCE CBOOOHBIC WICHBl YPABHEHUM CHCTEMBbI
b, i,=1...,m, paBHBl HYJIIO: b,=0,b, =0,...,b, =0. Jlrobas omHOpOJHas cuUCTEMa
COBMECTHA, TaK KaK OHa UMECT HyJIeBoe peuieHue x, =0, x, =0,..., X, =0.

ManI/II_[a, COCTaBJICHHAasA U3 KOB(I)(l)I/IHI/IGHTOB IIpyu HCU3BCCTHLIX, HA3BIBACTCA

8, &, ... 4,

> . 8y 8y ... By
mampuyeu Cucniemal. A=

Ay Q... Qg

Marpuua A BHUJA:

&, 8, .. a, b
Ay 8, ... @

a a a

ml m2 mn

HAa3BIBACTCS PACUUPEHHOU MAmMpPUuyeli CUCeMbl.
3amMeTuM, 4TO MaTpUily A MOXXHO TOJYYUTh U3 A, mo0aBUB CTOJOEI] CBOOOIHBIX

b
b, 3
4jeHOB. MaTpuna — ctonbeny B =| | | Ha3pIBACTCA Mampuyeu c60000HbIX UIeHOE.
bm
3ameuanue 1. B maTpuuHoit popme cuCTEeMyY JIMHEHHBIX YPaBHEHUH MOYKHO 3aIUCcaTh
Xl
X2
tak: A-X =B, roe X =| . | — maTpuIa - cToJ0eI] HEU3BECTHBHIX.
X
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45. UccnenoBanue CUCTEMbI JIMHEHHBIX YPAaBHEHHH HA COBMECTHOCThH. Teopema
Kponekepa — Kanesuiu

OTBET Ha BONPOC O COBMECTHOCTH CUCTEMbI JIMHEMHBIX YpPAaBHEHHI, a B Clly4yae
COBMECTHOCTH U O KOJINYECTBE PEIICHUI CUCTEMBI, JAET CIEAYIOIIas TEOpeEMa.

Teopema Kponexepa — Kanennu. CucteMa TMHEHHBIX YPAaBHEHUN COBMECTHA TOTAa U
TOJBKO TOT/Ia, KOTJIa PaHT MaTPUIbl CUCTEMBI PAaBEH PAHTy €€ PaCIIUPEHHONW MATPHUIIbI

r(A)= r(,&)z r

[Ipu 3TOM (B Cily4ae COBMECTHOCTH), €CJIM PAHT I' PABEH KOJIMYECTBY HEU3BECTHBIX N,
TO CUCTEMA UMEET EAUMHCTBEHHOE PEILICHUE.

Ecnu r<n, To cucreMa nmeeT 6ECKOHEUHOE MHOXKECTBO PEIICHUMN, TPU HAXOKICHUU
3TOr0 MHOeCTBA (N —I) HEM3BECTHBIX HA3HAUAIOT CBOOOJHBIMH.

U3 TeopeMsl clieayeT, 9to ecau (A)# r(A), TO CHCTeMa HECOBMECTHa.

JIns ncciienoBaHus CHCTEMBI JIMHEHMHBIX YPABHEHHM HA HAJIIMYKAE DPEIICHUNM W HX
KOJIMYECTBO € MOMOIIbI0 TeopeMbl Kponekepa — Kanennm Heo0XoauMo cAenarh Ciaeayomee:
v BBIIHCATh PACIINPEHHYIO MATPHILY CHCTEMBI A
v C TIOMOIIBIO DJJIEMEHTAPHBIX MPEeoOpa3OBaHUl CTPOK MPUBECTH €€ K
TpaneuueBUIHON (B YACTHOCTH, BEPXHEYTOJIbHOM) (popMme;
v OIPENENTh PAHT PACIIHPEHHOM MaTpHIbl F(A);
v IIPUKPBIBY HOCIEHHI CTONOEN, ONPEaeIMTh PAHT MATPUILILI CUCTEMBI I'(A);
v CPaBHUTH NOJIyYEHHbBIEC PAHTU U CAENATh BHIBO/.
3ameuanue 1. Ilpu pemieHnn 1000 CUCTEMBI JIMHEWHBIX YPaBHEHUN BO3MOXHBI TPU
CJIEIYIOLUE CUTYAINH:
1) cucrema He UMEeT pelICHUH;
2) cucTteMa UMeeT CIUMHCTBEHHOE PEIICHHE;
3) cucrema uMeeT OECKOHEYHOE MHOXECTBO PEIICHUHN (IIBYX — TPEX PCIICHHUH OBITh HE
MOXET).
3ameyanue 2. JIns OTHOPOJHON CUCTEMBI JIMHEWHBIX YPAaBHEHUI BO3MOKHBI JIMIIb JIBE
IIOCJIETHAE CUTYallMH, IPUYEM BTOpPAsl 03HAYAET, YTO OJHOPOJHAS CUCTEMA MUMEET TOJIBKO
HyJeBoe penienue. Ecim pemenuii 0eCKoHEYHOE MHOXKECTBO, TO Y OJTHOPOJHOM CHCTEMBI €CTh
HEHYJIEBBIE PEIICHMUS.
46. Meron Kpamepa peneHusi cucTeM JIMHEHHBIX YPABHEHUH
CucrteMa ypaBHEHUN HA3BIBACTCS K8AOPAMHOL, €CI KOJIUYECTBO YpaBHEHUHN B HEM
PaBHO KOJIMYECTBY HEU3BECTHBIX, T. €. €CJIM: M=N
agX, +a,X, +...+a,X, = b

Ay X, +a,uX, +...+8,,X, = b,

2n"*n

X +a,X, +...+a,X, =b,.
[Ipu 5TOM YHMCIO N HA3BIBACTCS NOPSAOKOM CUCHIEMDL.
Meton Kpamepa mnpumeHseTCS TONBKO Uil PEIIEHUS KBAAPATHBIX CHUCTEM C
HEBBIPOKIEHHOM MaTpuileil, T. . mpu |Al =0 . Takas cucTeMa MMeeT eIMHCTBEHHOE PElleHHE,

KOTOpO€ HaXxoauTcs o gpopmynam Kpamepa:
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rac A— rJIaBHBIN OnpcACINUTCIIb CUCTCMBI, a Ai — BCIIOMOT'aTCJIbHBIC OIPCACIUTCIIN.

BcnoMmorarennHbie ONpCACIIMTCIIN CTPOATCA C IMOMOIIbIO A ciacayromum 06pasoM: n3 A
«BBI6paCBIBaIOT» CTOJ'I6€H oA HOMCPOM | U 3aMCHAIOT €10 CTOJI6HOM CBO6OI[HBIX YJICHOB.
B YaCTHOCTHU, IJIsI CUCTCMBI TPCTHCTO IMMOPAIKA
X + 8 X; +aX; = bl
Ay X, +8xX, + 8% = D,
Ay Xy 8y X, +3gX; = by

dbopmynbel Kpamepa OynyT Takumu:

A A A
xl:Xl, XZ:XZ' xng’
rac
Q, a, ag b, a, a; a; b, aj a; a, b,
A=la, ay Ay lAl: bz Ay, Ay, Az =|ay bz Ays| » A3: Ay Qdy bz
Q3 83, Ag b, a; as; ay b, ag Ay Ay b,

47. Metoa HCK/IIOYeHUS Heu3BecTHbIX (Meroa I'aycca) pemeHusi cucrem
JIMHEHHBIX YPABHEHUH

Memoo uckmouenusi Heuzgecmmuvlx unu memoo laycca SBIAETCS yHUBEPCAIbHBIM
METOJOM pEUICHUS CUCTEM JIMHEWHBIX YPAaBHEHWMW, IOCKOJBKY OIPAHMYEHUN I €ro
IIPUMEHEHUA HET. Ero MOXHO HCHONIB30BaTh WU I PEUICHUS KBAAPATHBIX CHUCTEM C
BBIPOKIECHHONW MaTpuueil, T. €. mpu A=|A/=0, u I PEIIEHUs CUCTEM, Y KOTOPBIX YHCIIO

YPaBHEHUH HE PAaBHO YMCITY HEM3BECTHBIX.

Cymov memooa I'aycca cocToUT B IpeoOpa30BaHUU 3aJaHHON CUCTEMbI YPAaBHEHHM K
PAaBHOCWJIBHOW CHCTEME, W3 KOTOPOM HETPYAHO IIOOYEPEIHO HAUTH HEU3BECTHBIE.
Pacmimpennass wmarpuna npeoOpa3oBaHHOM CHUCTEMbl HMEET mpaneyueguoHylo  uiu
8EpXHEMPEY201bHYIO POopMY.

[IpakTHyeckoe penieHrue CucTeMbl METOJIOM ['aycca MOYKHO pa3JenuTh Ha JBE YaCTH:
MPSIMO X0 ¥ OOpaTHBIN XOJI.

IIpsimoui Xx00 COCTOUT B CIAEAYIOLIEM:

v BBIIMCATh PACLIMPEHHYIO MATPHUILY 3aJaHHON CUCTEMBI;

v C TIOMOUIbIO 3JIEMEHTApHBIX MpeoOpa3oBaHUN CTPOK TPUBECTH €€ K
TpaneueBUIHON WK K BEPXHETPEYTOJIbHOU (hopme;

v OMpEICINTh PAHT MATPHIL CHCTEMBI T(A);

v 110 Teopeme Kponekepa — Kamennu cnenars BBIBO O COBMECTHOCTH CUCTEMBI, a B
CJIy4yae COBMECTHOCTH U O KOJIMYECTBE PELIEHUN.

3ameTuM, 4TO mpsiMoil xox meroaa ['aycca, mo-CyIiecTBy, MOBTOPSET BCE NEUCTBUA,
KOTOPBIE BBINOJIHIIOTCS MPHU UCCIIETOBAHUN CUCTEMBI.

Obpammuiil xo00 metona ["aycca BKIIIOYAET CleayroIIee:

v 10 TIpeoOpa3oBaHHONW MaTpHIle, ASKBHBATEHTHOH A, BOCCTAHOBHTH CHCTEMY
JIMHENHBIX ypaBHeHUH. OHA paBHOCUJIbHA UCXOJTHOW CUCTEME, T. €. UMEET T€ K€ PEIICHUS;

v B CJlly4ya€ €IUHCTBEHHOCTH DPELICHUSA CIEAYET IMOOYEPENHO HAWTU HEU3BECTHBIC,
HA4YMHAS C MOCJIEAHETO YPABHEHUS;
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€CJIM )K€ CHCTEMa MMeeT 0ECKOHESYHOE MHOKECTBO pCHICHI/If/’I, TO (n — r) HCU3BECTHBIX

(BBIOpaB CaMOCTOSITENILHO) CIEAYET TMOJIOKHUTh CBOOOJHBIMU, OOO3HAYUB WX KAKUMH-TO
OoykBamu. [locie 3Toro HE0OXOAMMO BCE OCTANIbHBIC HEU3BECTHBIC MOOYEPETHO BBIPAZHUTH
gyepe3 CBOOOHBIC, TAK)KEe HAYMHAS C TIOCIICHETO YPABHEHUS CUCTEMBI,

v 3alncaTh OTBET.

Ilpeoden gpynkyuu, oughpepenyuanvroe ucuucienue

1. Ilpenen pyHkuun

Yuciio A HasbIBaeTCs npedeiom gynxyuu f(x) 6 mouke @, rae a —4ucio, a € R, (i
IpU X —a ), €CIH A7 JTF000T0 MPOU3BOIBHO MAJIOTro MOJOKUTEILHOTO YUCIA € CYIIECTBYET
3aBUCSIIEE OT HEro IMOJOKUTEIHLHOE YHCIO O TaKoe, YTO I BCEX X, YIOBJIECTBOPSIOIIUX
ycrnosuio 0<|x—a/<&, BbmonHsercss HepaseHcTBOo |f(X)-A<e.  OG6osHauaror Tak:

lim f(x)=A.

I/ICHOJIB?;y}I JIOTHYCCKHUEC CUMBOJIBL, 3TO OIIPCACIICHUC IIPCACTIa (1)YHKI_[I/II/I B TOYKC MOKHO
3aIucaTh KOPOTKO CIEAYIONIUM 00pa3oM:
limf(x)=As {ve>0 35=5(s)>0 ||f(x)-Al<s om xeX: O<|x—a <5}

X—a

AHaNOruyHO ONpPENENAI0TCS MOHATHS Npeea GyHKIMHU B TOUKE U JIJIS CIIy4aes,
Korjga A OeckoHedHO (A=, A=+, A=—) MO0 OECKOHEYHA Mpe/eIIbHAs TOUKa a (X — oo
, X—>+0, X —>—m0).
JUist mprMepa 3anuileM Ba U3 TaKUX CIIy4aeB C MOMOILBIO JIOTHYECKUX CUMBOJIOB, M
3J1€Ch CKOJIb YTOJHO OO0JBILIOE MOJOKUTEIBHOE YUCIIO:
limf(x)= A< {Ve>0 IM=M()>0 || f(x)-Al<s om xeX: [X>M |;

X—>0

limf(x)=cc > {¥YM >0 36=6(M)>0 || f(x)|>M om xeX: 0<[x—a<5}.

X—a

3ameuanue. 1TpenenomM NoCTOSIHHOM BEJIMYMHBI C HA3bIBAETCS cCaMa BEJIMYMHA C.

2. beckoHeyHo MaJyible M 0ecKOHE4YHO O0oJibllIMe BeJMYHHbI. CBSI3b MEXKIY
0eCKOHEeYHO 00JILINUMH U 0€CKOHEYHO MAJILIMH

beckoneuno manou eenuyunou TpU X —>a  HA3BIBACTCS BEIWYMHA, MPEIEI

KOTOPOU B TOUKE & PABEH HYJIIO.

Ipumep. ®yHkua Y = X*> — 9 ecTh OECKOHEYHO MaJjasi BEJIMYMHA IIPH X —> 3, TaK
KaK mpeaen 3Tod (QyHKIUU B TOuke a=3 paBeH Hymto. [Ipm X—2 nanHas (yHKUHS HE
ABJISIETCS] OECKOHEUHO MaJIod, TOCKOJIbKY Mpeen (PyHKIMU B TOUKE a=2 paBeH —5.

3ameuanue 1. VI3 MOCTOSIHHBIX BEJIUYHMH €IWHCTBEHHOE YMCIJIO HOJb SIBISETCS
OECKOHEYHO MaJoi BEIMYMHOM, MPUYEM B K000 TOUKE a.

beckoneuno 6onvuwion 6enuuunol Ipu X — a Ha3bIBAETCS MEPEMEHHAS BEJIMYHUHA
Yy, aOCOJIIOTHOE 3HAYE€HHE KOTOPON HEOTPAaHUUYEHHO BO3PACTAET MpU X —>a (mpeaen Y B TOUKe
a paBeH ™).

3ameuanue 2. Hu onHa M3 NOCTOSHHBIX BEJIMYMH HE SIBISETCS OECKOHEYHO
00JIBIIION HU B KaKOM TOUKe.

_ 1
Ilpumep. OyHkuus y = & ecTh OECKOHEUHO OOoJbIIasi BEJIMYMHA IPU X —> 5,
X —

TaK Kak €e MpeJesa B TOUKe & = 5 paBeH . JTa ke (yHKIUS HE SIBISETCS OCCKOHEYHO
OOJBITION, HATIPUMED, TIPU X —> 7 .
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Teopema 0 C653U OecKOHeuYHo Malblx U beckoneuno boavuiux eenuqun. Ecim

o o 1
BCIIMYMHA Y SBJIACTCA OCCKOHEYHO OOJIBIION BEITUYNHOMN npu X—a, To0 — €CTb OCCKOHEYHO
y

Majas BEJIMYHHA IIpU X —>a. Ecnu Beanunna Y SABIIACTCS OCCKOHEYHO MaJION BEITMYUHOMN IIpu

1
X—a, TO — €CThb OCCKOHEYHO OOJIbIIAs BEIMYNHA IIpu X—a.
y

3. OcHOBHBIE TeopeMbI 0 MpeaesIax
Bynem npeamnonarath, 4o GyHKIuA f(x) U g(x) UMCIOT KOHEYHBIE MMPECIBbI B TOUKE

a, a ¢ — MOCTOsIHHAs BeIM4YMHA. TOra CripaBe/UIMBbI CIEAYIOIINE CBOMCTBA MPEIETIOB.
Teopema 1. Tlpenen cymmbl (pa3HocTH) (QyHKIMN paBeH cymme (pa3HOCTH)
MIpPeJIeTIOB:
lim[ f (x)£ g(x)]= lim f(x)£limg(x).
Xx—a x—a Xx—a
Teopema 2. Ilpenen mpou3BeeHNS paBEeH MPOU3BEICHUIO MTPEIEIIOB:
lim[f (x)- g(x)] = lim f (x)- lim g(x).
Teopema 3. I10CTOSIHHBII MHOKUTEIb BBIHOCUTCS 3a 3HAK Ipeena:
lim[c- f(x)]=c-lim f(x).
X—a X—a

Teopema 4. Tlpenen 4acTHOTO PaBEH YACTHOMY TIPEJIEIIOB, €CIH MPEIET IETUTENIs
OTJINYCH OT HYJIS:
lim f(x)
Iim[f(x)}— xoa limg(x)=0.

x—a g(x) B !(I_I;Ta] g(x)’ x—a

3ameuanue 1. Teopembl 1 1 2 ocTaroTCs CHpaBeIJIMBBIMU MPH JTIFOOOM KOJIUYECTBE

(byHKIUH.
3ameuanue 2. Ilpy BBIYUCICHUH MPEEIOB PA3IMYHBIX (DYHKIIHMI 4acTO UCIOJIb3YIOTCS
CJIEIyIOIME MPOCTEHIINE MpeAeNbl, KOTOpble HAXOIATCA C MOMOIIBIO 3JIEMEHTAPHBIX
pacCyKICHUM.
1. limCx =0

X—>00

2. IimE:O,
X—max

3. |im£:oo
x=0 X

rae C#0—nocrosgHHas.

4, TlonaTne HeoNMpeaeJEeHHOCTH. Hexkoropble MeTOAbl  PacCKpPbITUA
HeoIlpeAeJIEHHOCTEH NMPHU BbIYUCICHUHU MPee/ OB PAIMOHAJIBHBIX U HPPALMOHAIbHBIX
bynkumit

Boruncnenue npenenoB dr00bIX (QyHKUMN clieyeT HauMHATh C HEMOCPEICTBEHHOM
MOJICTAHOBKY BMECTO MIEPEMEHHON X €€ MPeleIbHOro 3HaYeHUs 8 B (PYHKIINIO, CTOSIIYIO 110
3HaKOM mpenena. Eciyu mpu 3TOM MOMy4YaeTcss KOHEYHOE YWCIO WM OJHMH W3 CIIy4acs,
MIPUBEJCHHBIX B 3aMeuaHuu 2 naparpada 79 (mpocteiiime npeaessl), TO 3TO U €CTh 3HAYCHUE
npejaena.

B npoTuBHOM cily4yae, TO €CTh IPH BO3HUKHOBEHMHM KaKOM-TMOO JAPYyrol CUTyaluu
(HEeompeneIEeHHOCTH), HEO0XO0IUMO MPeoOpPa3oBhIBaTh (YHKIMIO, CTOSIIYIO IOJ 3HAKOM
npeznena.
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Ecmu ¢dyukmmu f(x) u g(x) SBIAIOTCA OJHOBPEMEHHO OCCKOHCYHO MAJbIMH HITH

. flx
OECKOHEYHO OOJIBIIMMHU MPU X — a , BOIIPOC O BEIYUCIICHUH TIpeiesia UX OTHOMICHHS lim %

x-a (X
pellIaeTcss HEOJHO3HAYHO. DTOT MHpPEeAei MOXKET Ja)ke HE CYIIECTBOBaThb. [ OBOpAT, 4UTO

OTHOIIIEHHE JBYX OCCKOHEYHO MaJIbIX (DYHKIIMHA TpeACTaBiseT COOOU HeonpeodenreHHOCMmb

0 0
suoa 0" A OTHONIEHUE JBYX OECKOHEUHO OOJBIINX SIBIISIETCS HEONPEeOeNeHHOCMbIO 8U0a — .
o0

Kpome mnepeurcneHHBIX BCTpPEYAIOTCS W JIpyrue BHJIbI HeorpeaesieHHocTed. Tak,
HarpuMmep, B citydae, korga f(x) u g(x) 6eckoHeuHO OobIire (HYyHKIUH, TO IIPH BBIYUCIICHUH

IPEIENIOB IXILr;[f (x)* g(x)] MO’KeT BOSHUKHYTB Heonpedenennocmy uda (o —x).

Eciu  f(x)- OeckoHeyno wmamas, a g¢(x)— OeckoHedHO Oosblras (YHKIUH, TO
BBIYMCIIEHHE TIpesiena uxX npousseaeHus lim[f(x)- g(x)] npuBomut k Heonpedenennocmu suda
X—a

0-o0. [Ipy HAXOXKACHUU MPEACITOB Iim[f (x)g(X)J BO3HUKAIOT Heonpeoenennocmu 6udos 17, 0°,

o,

Brrunciienne npezaena uiam yCTaHOBJICHHE TOTO, YTO OH HE CYLIECTBYET, IPU HAJTUYUHU
HEOIPEAEIEHHOCTH KAaKOro-TO BHJA HA3BIBAKOT «PACKPbIMUEM HeonpeoereHHoCmuy.
CyIIecTByIOT ClIEIHAIBHBIE IPUEMBI PACKPBITHSI HEOTIPEIEIICHHOCTEN.

[Ipocrelimue npuemMbl paCKpPBITUS HEOINPEAEICHHOCTEW MPHU BBIYMCICHUH IPENCIIOB
paloOHaIbHBIX U UPPALMOHATIBHBIX (DYHKIMI IPUBEICHBI B CIEAYIOIIEH TabIuIle.

No Bu Merton pacKpbIThs
A XapakTep GyHKIUN /L Packp
/i HEeOoMpeAeIeHHOCTH HEOIpeAeNIeHHOCTH
Paznoxenue Ha
1 0 PannonanpHas MHOKUTEH
0 byHKIUSA (uucnurens u
3HaMEHaTesl)
YMHOKEHUE HA
0 «CONPSKEHHOE» (YHUCITUTEIIO
HppanunonansHas
2 — 00 3HAMEHATEIIO)
0 byHKIUSA
BBIpaXXEHHE 110 popMyTiaM
COKPAILIIEHHOI'O0 YMHOXEHHS
PanmonansHas
Jlenenue v 4MCINTENS,
00 byHKIHIS
3 — Y 3HAMEHATeJs Ha CTapUIyIo
0 HppannonanbHas .
CTENEeHb IEPEMEHHON
byHKIHS
[Ipeo6pazoBanue k
PanmonansHas
4 00 — 00 (byHKII BUIY IpOoOU MPUBEACHUEM K
Y o0I1IeMy 3HaMEHATEIIO
[IpeobpazoBanue k
BU 00U YMHOXXEHHEM U
HppanunonansHas 7Y AP y
5 00 — 00 JIeJIEHUEM Ha «COTIPSKEHHOE)
byHKIIS
1o (opMyJiaM COKpPAIIEHHOTO
YMHOKEHUSI BBIpa)KEHUE
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CBoaurcs K
0
HEOIPEAEIEHHOCTAM 0 WA
Panuonaisnas 0
6 0 dyHKIHS — mpeoOpa3oBaHueM
+ 00
HppaunonanbHas 5
byHKIEA GyHKIUY K BUIY Jpodu
f(x)
f(x)-gl0x) =1
9(x)
ParoHabHAS JlorapugmupoBanuem
0° P MPUBOJIUTCS K OJTHOU U3
7 1” I/IgpaL?I/IOHaJ'IBHa}I HEOIPEEIEHHOCTEM,
oo” P YKa3aHHBIX B ITyHKTaX
YA 1-6

5. JKBHBAJICHTHBIE 0€CKOHEYHO MAJIble BeTHYNHbI
JlBe GeckoHeuHo Manble BenmuuHbl a(X) m B(X) Ha3BIBAIOTCS HKEUBAICHMHBIMU

OecKOHeuHO ManbiMu TIPU X —>a, ecliu npefesl UX  OTHOILICHUS PaBEH  €IMHULIC
. alx
lim L =1. O603nauaroT Tak: a(x)~ B(x) npu X —a.
x—>a ﬂ(x)
DKBHMBAJICHTHBIC OECKOHEYHO MaJIble BETUUMHBI 00J1a1aeT CICTYIOIUMHI CBOMCTBAMM.
Ceoticmeo 1. Ilpu HaXOXIEHUU TIpeiesia OTHOIICHUS ABYX OECKOHEUHO MaJIbIX MOYKHO

KaKAylo (WIM TONBKO OJIHY) W3 HHUX 3aMEHHUTh JpYrod OecKOHEYHO Majoil, eu

SKBHBAJICHTHOM, TO ecTh, ecl a(X)~a,(x) m A(X)~ B,(x) npu x —>a, To:
im @) _ i @) _ i @9 _a(%)
A0 TR A A A

3ameyanue. 3aMeHATH SKBUBAJICHTHON BEJTUUMHOM ClIaracMoc, BbIpaKCHHUC 110 3HAKOM
norapmlma HJIK BBIPAXKCHUC, CTOAMIICC B ITIOKA3aTCJIC CTCIICHU, HCJIB35, 9TO MOXKCT IIPUBCCTH K

ommokKe.
Ceoiicmeo 2. Ecmm a(x)~pA(x) mpu x—a, f(x)—anpu x —>b, 10 «f f (x)]~A[ f(x)]

npu x —b.
Csoticmeo 3. Ecnm a(x)~p(x) mpu x —a, 1o [e(x)['~[A(x)]' npu x —>a, n=0

6. 3ameuaTeabHbIe Mpeaeabl. Yucsio €
Bo MHOTUX cilyyasix BEIYUCIEHUE MPEAEIOB OCYIIECTBIISETCS C MOMOILBIO CIEAYIOIINX

JIBYX 3aMe4aTelIbHbIX PEIEI0B:
. sinx
1. lim—==1

Xx—0 X
2. lim (1+ Ej =e
X—>00 X

Yucno e ecthb HPppanrOHAJIbHOC YHCJIO, 3BHAYCHUC KOTOPOIr0O ¢ TOYHOCTBIO 10 IIECTOM

3Havameu mudpe: e = 2,71828.
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Yacro HCIIOJB3YIOTCA TAKIKC CIICAYIOINUEC ITPCACIIbI, ABJIAIOINNCCA CICACTBUCM BTOPOIO

3amMedaTeabHOoro npesaena (hopmysl 2):
1

2.0) lim(1+ X)*=e

2.4) |inge “1
X—> X
2.2) lim M%)y
x—0 X
. at— . (1+x) -1
23) lim® =1 _Ina 25 tim XL
x—0 X x—0 X

[Tpu x = 0 UMEIOT MECTO CIAEAYIOUINE COOTHOIICHUS SKBUBAJIEHTHOCTH:
sinx~x; tgx~x; In(1+x)~Xx; arcsinx~x; arctgx~x ;

(@*-1) ~ x-Ina, (a>0,a#1); (e*-1)~x; (1+x)*—1~ax.
: 1-c0sX)- X
IIpumep. Hantu lim ( : :
P P x>0 arcsin2x-sin® 5x
Pewenue. ®yHkuusa, crosmas TMOJA 3HAKOM IIpejena, MPeJACTaBisIeT Cco0oit

0

OTHOLICHHUC IBYX OCCKOHEYHO MaJIbIX, T. €. UMCCT MCCTO HCOIIPCACICHHOCTDb BHU/a 6 . BHauane

., X
MIPUMEHUM TPUTOHOMETPUUYECKYIO POPMYITY: 1-cosx = 2sin? >

[Tomyunm npenien clieayomero BUa:

w50 arcsin2x-sin?5x (0
Bocnonb3yemcs cleAy oMK SKBUBAIEHTHOCTAMHU MPH X — 0

2sin? X
: (1-cosx)- x 0) .. X
lim =|—=|=lim - ——.

x>0 arcsin2x-sin‘ 5x

x (x) X2
sin = ~| 2| =5 arcsin2x ~ 2x; sin? 5x ~ (5x)* = 25x2.
2 2 4
[Tomyuum
. X x?

. 2sin E-X 0 _ 2-Z~x 1 e

lim . ———=|—|=1i - = dim —=—,

x>0 arcsin2x-sin“5x \ 0 x>0 2X-25x° 100 .0 x° 100

7. IlousiTe MPOU3BOIHOM

JIBa Bompoca: 1) 0 HaxoOXXIEHWM KacaTeIbHOM K MPOU3BOJBHOM JUHUHU, U 2) O
HaXOXKJICHUM CKOPOCTH TMPH IPOM3BOJBHOM JBWKEHHH, TOCIYKWIA HCTOYHUKOM
nu GepeHITNATBHOTO HCYMCIIEHHST. DTH BOTIPOCHI TIPHBEJH K PEIIEHHUIO 3a1a4H O HAXO0/KICHUH
s 3ajaHHOM (ymkmum f(t) mpyroit dymkmum f'(t), HasBaHHON 3aTeM npouseodHOl W
IpeCTaBIsIoNIe co00i ckopocmb usmenenus Gynkyuu f(t) OTHOCHTEIBHO apryMeHTa t.

ITycts QyHkms y = f(x) ompeneneHa Ha HEKOTOPOM MHOXeCTBe X, X€ X — Kakas-
00 TOYKA U3 3TOTO MHOXECTBA. 3a1aluM EPEMEHHOM X mpupaineHue A x. Torma QyHKIus
y = f(x) monmyuuT npupamienue Ay, paBHOE

Ay = f(x+Ax) - f(x).
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Ilpoussoonoui pyukuuu f(x) B Touke XeX Ha3bpIBA€TCS TMpee] OTHOIICHHUS
OECKOHEYHO MAJIOr0 NpupaiieHus (QyHKIHM AY K OECKOHEYHO MajoMy IPHPAILCHHIO
IEPEMEHHON A X IIPH YCIIOBHH, YTO A X CTPEMHUTCS K HYJIIO

£100) = lim &Y _ jm M) = ().

A0 AX A0 AX

3aMeTUM, 9TO JTOT MPEe caM sBjseTcs (PpyHKIuel aprymenta X. Takum oOpasom,

npousBojHas f(x)— 3To HekoTopas Apyras GpyHKImMs oT X. O6o3Hayaercs f'(x) nmm y',

IIpumep. HaiiTu mpon3BOAHYIO (PYHKIIMH Y = COSX .

Pewenue. Ay =cos(x+ AX)—COSX = —25in(x + %)sin % , TOr1a

25inAXsin(x+AXj sin 2%
[ 2 . 2 . AX .
y'=lim| - :—Ilm—llmsm(x+—j:—smx.
Ax—0 AX Ax—>0 g Ax—0 2
2

[Tonyuunu: y' =(cosx)’ =—sinx .

Cama omnepanusi HaX0KJI€HUS IPOU3BOJAHBIX HA3bIBACTCS Oughghepenyuposanuem.

8. IIpaBmiia HAX0KACHUS TPOU3BOIHOM

Ecmu C — noctosiHHas BenmyuHa U QyHKIMHA U=U(X), V=V(X) UMCIOT MPOU3BOIHBIE, TO
CIpaBEUIMBBI CIAEAYIOIINE MTPAaBUJIa HAXOXKACHUS IPOU3BOIHBIX.

IIpasuno 1. IIpon3BoaHas MOCTOSSTHHOM BEJIMYMHBI PaBHA HYJIIO:

C'=0.
IIpasuno 2. I10CTOSHHBI MHOKUATEIb BBIHOCHUTCS 32 3HAK POU3BOAHOM:
(Cu) =C-u'.

IIpasuno 3. [lpousBoaHas airedpanydeckoi CyMmbl (PYHKIMI paBHa aqreOpanyeckomn

CyMME UX MTPOU3BOAHBIX

(Utv) =u'+v,
Ilpasuno 4. llpousBomHasi mpousBeAeHUS JABYX QYHKIUMHA paBHa CyMMe
MPOU3BEIECHUHN KAKI0M X ATUX (PYHKIIMI Ha MPOU3BOJHYIO APYTOn
(u-v) =uv+u
IIpasuno 5. Tlpon3BoaHass 4acTHOTO JABYX (PYHKIMH paBHA APOOH, Y KOTOPOU
3HAMEHATENIb PAaBEH KBaJpaTy [JEIuTeNs, a YUCIUTEIb pPAaBE€H PAa3HOCTH MEXIY

MPOU3BEACHUEM JICNIUTENII Ha MPOU3BOJHYIO ACIUMOTO U MPOU3BEICHHEM JEIUMOIo Ha
MIPOU3BOIHYIO I€TUTEIS

!

(Ej =L2uv’ (v#0).

\" \"

Ecnn nmepemennast ¢yHKIIMU, B CBOIO OUYE€pENb, SBISICTCS HEKOTOPOH (YyHKIIMEH, TO
TOBOPSIT, YTO ONIPEAETICHA CIOHCHASL PYHKYUA:
y = flu(x)].
ITpu sToM GyHKIMIO f(u) HA3BIBAIOT 6HewHel pynkyuell, DyHKIUIO u = u(x) Ipu 3TOM

HA3BIBAIOT NPOMEINCYMOUHBIM APSYMEHMOM, NPOMEI’CYMOUHOU NePEeMEHHOU UL BHYMPeHHell
@yHKYUell, X —He3a8UCUMOU NePEeMEeHHOU.
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Tak, wampuMmep, QyHKIMS Yy=sSinX sBISIETCS NpocTor ¢yHKIMEH, a GyHKIUsA
y= sin(x3 - 2)— croHOM. TIpoMexxyTOUHast TIEpEMEHHAs B 9TOM Cliydae: U =X’ + 2, BHEIIHEH
siBisieTcst GyHKIms f(u)=sinu.

IIpasuno 6. [IpousBoaHas CioXHON (GYHKIIUN paBHA TIPOU3BOAHON BHEIIHEH (QyHKIUU
M0 TPOMEXKYTOUYHOMY apryMEHTY, YMHOXEHHOW Ha TPOU3BOJHYIO IPOMEKYTOYHOTO
apryMeHTa [0 HE3aBUCUMOM IIEPEMEHHOM:

(Flu()]) = £u00)-uj ().

9. IIpou3BoAHbIE OCHOBHBIX JJIeMEHTAPHBIX QYHKIUI (Tada1u1a IPOU3BOIHBIX).

[Ipyn HAXOXIEHUH TMPOU3BOAHBIX PA3IUYHBIX (PYHKIUNA HCHOJB3YIOTCA IpaBUiIa
HaXO0KJIEHUSI POU3BOAHBIX U (POPMYJIBI IPOM3BOAHBIX OCHOBHBIX 3JIEMEHTAPHBIX (YHKIHIA
(Tabnuiia TPOU3BOIHBIX ).

Tabauya npou3e00HbIX

1. (x“) =n-x"*, 10. (arcsin x)' _ 1 -
(n—mocrosiHHAS) ! 1_1X
5 (ax), _a.Ina 11. (arccosx) =- —
3. () =¢ 12. (arctgx) = 1 .
' 1 1+x
4' (Ioga X) = ' 1
xIna 13. (arcctgx) =————
ro1 1+x
5. (In X) = '
X 14. (shx) =chx
6. (sinx) =cosx 15. (chx) = shx
7. (cosx) =-sinx 16. (thx) = 1
' 1 ch?x
8 (th) = 2 ! 1
cos X 17. (cthx) =——
9. (ctgx) = shx
' sin® x
Tpumep. HaliTii mpou3BOAHYI0 GYHKIIMHU Yy =5+ 3x* -arcsinx + Ct% .
X

Pewenue. Buavaine BocionszyeMcs paBmwiioM nuddepeHImpoBanusi CyMMbI (OYHKITHA,
3aTeM cpasy K€ HailieM MPOU3BOJHYIO IEPBOIO CIAaraeMoro, yuuTeiBas, 4To C'=0 (cieayer
n3 mepBod TabauyHOM dopmynbl npu N=0 wiIM U3 NEPBOro MpaBuia HAXOXKJICHUS
MpOU3BOAHOM). Bo BTOpOM ciaraeMoM BBIHECEM MOCTOSIHHBbIA MHOXHUTenb C=3 3a 3HaK
MPOU3BOAHON U MPUMEHHUM MPABUIIO MPOU3BOAHON Mpou3BeaeHUs ABYX (QyHKIMA. B TpeTbem
cllaraéMoOM HCIOJb3yeM MpaBwiio audepeHnnpoBanus 4yacTHOro AByX (yskiuil. [locne
ATOr0 MPUMEHUM TaOIMYHbIE (POPMYJIBI (IEPBYIO, AECATYIO U IEBATYIO):

'

!

, . ctgx ' ) .\ [ ctgx
=[5+3x%-arcsinx + — | =(5) +(3x%arcsinx) +| —= | =
& 5] - o+

(ctgx), -J/x —ctgx- (\/; )’ _
(Vxf

!

= 0+3-[(x2) -arcsinx + x2 - (arcsin x)’} +
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Jx o ctgx

2 - -
P LR 24 _ 3y.| 2arcsinx+ X | 2X+sin x-cigx
J1-x? X 1—x2 2%~/ -sin? X
a2
Omeem: Y =3x-|2arcsinx+—— _ 2x+sin X ctgx
V1-x° 2x+/x -sin? X

IIpumep. Haiitu npon3BOJHYIO QYHKIMH Y = (arcsin\/; )3.

= 3(2x arcsin x +

Pewenue. Oynkuus y = (arcsin\/i)3 SIBIISICTCS CIIOKHOW CTETIeHHOW (PyHKIUEH y =u®,
rJle TPOMEKYTOUHAs MEPEMEHHast U =arcsiny/x, B CBOIO OYEPEb, TAKXKE €CTh CIIOKHAS
dynkuus u=arcsint. EE mpoMexxyTouHas nepeMeHHas: t =+/x . [1o3ToMy BHauane IpUMEHUM
NEPBYIO TAOIMYHYIO TPOU3BOIHYIO IIPU N = 3, YYUTHIBAS IPABUIIO HAXOXKICHUS MPOU3BOTHOM
CIIOKHOM (yHKUMHU. A 1 HaXOXKAEHUS U 3aTeM BOCIOJIb3YyeMCs JECATOW TaOInyHOU
dbopMynoil (yuyuThiBas TakkKe MPABHIO HAXOXKJIEHHUS TMPOU3BOIHON CIOXHOW (PyHKINN).
BuyTpeHHeil (pyHKIMEl B 3TOM cllydae cIy>KUT GyHKIHUS t = /X .

y'= [(arcsinﬁ)SI :Bo(arcsin\/;)z-(arcsin\/;)' —3-(arcsin\/;)2-i\/—(;\/_L)2—
1-1Vx

1
o 3 Sl

. C%-(arcsin\/;)2
2. x(1=x)
10. I'eomeTpuyeckuii CMbICJI POM3BOAHOMH. YPaBHEHUSI KacaTeJIbHOH U HOPMAJIH
K KpUBOH
C reoMeTpuYecKOd TOYKM 3peHus GyHKOHs y= f(x) ompemensieT Ha IIOCKOCTH

HEKOTOPYIO KPUBYIO. V210601l koo dhuyuenm kacamenbHou K 3TOM KPUBOH € TOUKOM KacaHHs
M, (X, f(X,)) (MITH, 4TO OJIHO ¥ TO K€, TAHTE€HC YTJIa HAKIIOHA KACATEIIBHOM K MOJIOKHUTEILHOMY

Omeem: y

HamnpaBieHUIo ocu OX ) pasen npoussoonoti pynkyuu y = f(x), BbIMUCIEHHOU 6 MOUKE KACAHUS

(puc. 1).
B 9TOM M 3aKJII0UAETCS 2e0Mempu4eckull CMbic npou3eoonoll: k =tgp=f'(x,).

A
y
y=[f(x)
D KacameibHasl
M,
P >
A X
Puc. 1
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Vpasnenue kacamenvnoii K rpapuxy GyHKuun y = f(x) ¢ Toukoit kacanus M,(x,, f(X,))
VIMEET BUL:
y—1(x)=1(x) - (x=x)).
Vpasnenue — nopmanu  (IpAMOM, TpPOXOmAIIEd  depe3 TOYKY Mgy (X,, (X))
MEPHEHANKYIJISIPHO KacaTeabHOI) OyIeT TaKuM:

y- f(XO):—ﬁ-(X—XO).

IIpumep. CocTaBUTh ypaBHEHHE KacaTelbHOW K rpaguky ¢QyHkumu y=Xx’(x-1f c
TOUKOU Kacanust M,(2;4).

Pewenue. Hatiném npou3BoHYIO 3aIaHHOU (PYyHKIIUH

y = [xz(x —1)2]’ =y =(x) (x=1F +x2- [(x —1)2]’
Y = 2x(x —1 + x%-2(x=1)-(x=1), ' =2x(x —1) +2x? - (x~1)
y'(x)=2x-(x=1)-(x-1+x), y(x)=2x(x-1)2x-1).
Bbluncinum npon3BOJHYIO B TOUKE KaCaHUs, TO €CTh MPU X, = 2
y'(%,)=Yy(2)=2-2(2-1)-(2-2-1)=12.
Bocrnonb3yemMesi  Teneph  ypaBHEHMEM — KacaTelbHOM 1pu X, =2, f(x,)=4,
f'(x)=y(x)=12:
y—f(x)= (%) (x=%) = y-4=12-(x-2)
y—4=12x-24, y=12x—-24+4,y=12x-20.

Omeem: y=12x-20.

11. ®u3uyeckuii CMbICJ NMPOU3BOTHOM

Eciu npsMosuHeifHoe IBUKEeHIe MaTepHaIbHOM TOUKH OnpesienseTcst 3akoHoM S = S(t)
,TIe t—BpeMs, S — IIyTh, IPOIAEHHBIH 3a BpeMms t , To Tpom3BoaHas S'(t) BEIpaxkaer ckopocmu
ATOTO OBUMNCEHUSL’

V(t)= S'(t).

12. IIpou3BoaHbIE BHICHIUX MOPSAAKOB. @PU3MUECKUIl CMBICJ POU3BOIHOMH BTOPOI0
NOpAIKA

[pousBoaHyto Y QYHKIHMU Y= f(X) HAa3BIBAOT NPOU3BOOHOU NEePE020 NOPSOKA ULU
nepeot npouzeoonol 3aaannoi Gyskiuu. [I[ponsBoaHas mepBoro Mopsika, B CBOIO 04epe/ib,
TaKxke sBisieTcsa HekoTopou pyHkiuei. Ee Takke moxkHo auddepeniuponats. [IponzBoanyo
OT IPOU3BOJHON MEPBOI0 MOPSAAKA HA3BIBAIOT NPOUIEOOHOU 8MOPO20 NOPAOKA WU 6MOpOU

2 :
npou3e00Hot NCXOaHON pyHKImu y = f(x). O603HavatoT y”, f"(x) mwin ZXZ Loy =(y).

AHaJOTHYHO OnpCACIIAIOTCSA IMPONU3BOIHBIC U 0o0J1e€ BRICOKHX IMOPAAKOB:

=),y =)y =[]

3ameuanue  (Quzuueckuii  cmblcl  nPoOU3BOOHOU — 6mopo2o  nopsaoka). Ecnn
IPSMOJMHEHHOE JIBIKEHHE MATepHaIbHON TOUKH Ompenersercs 3akoHoM S =S(t), raoe t—

BpeMsI, S — IyTh, MPOICHHBIH 3a BpeMs t, To epBas pon3BoaHas S'(t) BeIpakaeT cKopocTh
3TOrO JBIKEHHs. Bropas mpomsBomHas S'(t) xapakTepusyeT yckopeuue 3mo2o OsudiceHusl

a(t)=Ss"(t)=V'(t)
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13. IlpaBuio Jlonuranas

. . 0
IIpasuno Jlonumans (nepevlii ciyuail: packpvlmue HeonpeoeieHHOCmu 6) ITycts

byukun y=f(x), y=9(x) muddepeHuupyeMbl B HEKOTOPOW OKPECTHOCTH TOYKH &, 3a
HCKJIIOYEHUEM, OBITh MOXET, CAMOM TOYKH &, TJI€ 8 — KOHEUHOE YK cIio win . [IycTs pu X—a

00e hyHkuuM crpeMarcs K Hyaro: lim f(x)= limg(x)=0. Toraa, eciu CyIecTByeT KOHEYHBIi
X—a X—a

f'(x) f(x)

——, TO CyHICCTBYET TaKXKe M lim——=, MpHIeM CIIPaBEIIINBO
9'(x) 2 g(x)

UM OECKOHEUHBIN mpeaen lim
X—a

P _ it ®)

paBeHCTBO: lim——==lim—-—<.
oa g(x) ag'(x)

o o 0
IIpasuno Jlonumans (6mopotui cyuaii: packpvlmue HeOnpeoeieHHOCmu — ).
o0

[Iyctes pynkimm y=f(x), y=9(x) auddepeHIHPyeMBI B HEKOTOPOH OKPECTHOCTH
TOUKH @, 332 UCKIIIOUEHHUEM, OBITh MOYKET, CAMOIl TOUKHU @, TIJ€ & — KOHEYHOE YHCIIO WM 0.
[Tycth npu X—a 00e GyHKIUK cTpemMarcs K 0eckoneunoctr: lim f(x)= limg(x)=oo . Torna,

X—a X—a

f')

€CJIM CYLIECTBYET KOHEUYHBIA MJIM OECKOHEUHBIN mpenen lim , TO CYIIECTBYET TAKXKE W

x—a g’(x)
. f(x)
lim——, npu4yeM crpaBeIMBO paBEHCTBO:
x—a g(x)
- f(x) . f(x)
lim——=<=lim—=.
wa g(x) oag'(x)
. . Inx
IIpumep 1. HaliTu npenen lim———.
x>+0 [nsin x
. o0
Pewenue. Vimeer MeCTO HEONMPENENIEHHOCT —. MOXHO TPUMEHUTHh IPABUIIO
o0
(Inx)
. Inx 0 . Inx . sinx
Jlonuransa:  lim——=| — |=lim————=lim =1.
x>0 [nsinx  \oo ) x>0 (Insinx)’ x>+ XCOSX

3ameuanue 1. B ciydae HEOOXOAMMOCTH MpaBuio Jlonuranss MOKHO NMPUMEHSATH

IIOBTOPHO:
|imw - (guﬂufj =lim f,(X) = (guﬂufj =lim f,:(X) .
x—a g(x) 0 0 x>a g (x) 0 o0 x-a g (X)

14. Bo3pacranue u yobiBanue pyHkuuu. Jlocratounoe ycjioBue MOHOTOHHOCTH

Oyukuus f (X) Ha3sIBaeTcs sospacmaroweti (yoviearowell) Ha IPOMEKyTKe (a,0), eciu
f(x2) >f (X)) nmmaBcex a<Xxp <Xy <b (wmm coorBerctBeHHO f (X2) < f (X1) st Becex @ < X3
<Xz < h).

Bospacratomiue u yobiBatomiye (yHKIHHA HA3bIBAIOTCS MOHOMOHHBIMU.

Heobxooumoe ycnosue monomonnocmu. Ecnu nmuddepennmpyemas Ha TPOMEKYTKE
[a,b] bynkus f (X) Bo3pacTaer (yObIBaeT), TO Ha 3TOM IMPOMEKYTKE

f'x)>0 (f'(x)<0).
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Hocmamounwiil npusnax monomonnocmu. Ecin pynkius f (X) HerpepbIBHa Ha 0Tpe3Ke
[a,b], Ha mpomexyTke (a,b) uMeeT nmonoxkUTENBEHYIO (OTPHUIIATEILHYIO) TPoK3BOaHYIO f ' (X),
to pyukuus f (X) Bospacraer (yObiBaeT) Ha [@,b].
15. OkerpemMmymbl QyHKIUM OJHOW NEepeMEeHHOI
Touka M,(x,, f(X,)) HasbBaeTCA TOYKON JOKAILHO20 Markcumyma (MuHUMYMQ)
byHKImn y = f(x), ecm A1 BCeX X U3 HEKOTOPO#M MPOKOIOTOM OKPECTHOCTH X, BBITOIHSIETCS
HepaBeHCTBO f(x)< f(x,) (f(x)> f(x,))-
JlokaJibHbIE MAKCUMYMbBI 1 MUHHMYMBbI HA3bIBAIOT JIOKAIbHbIMU IKCHPEMYMAMU.
CII0BO  «JIOKaJbHBI» 03HAYaeT «MECTHBI». W JeHCTBUTENLHO, MOKET
0Ka3aThCsl, YTO 3HaUYeHHE (YHKIUH B TOYKE CBOETO KAKOTO-TO JIOKAJHHOTO MaKCHMyMa
MEHBIIIe, YeM 3HAYCHUE ITOH ke PYHKIMH B TOUYKE CBOETO KAKOTO-TO JIOKATBHOTO MHHUMYMa.
3ameuanue 1. Tlpu wuccrienoBanuu (GyHKIMHA HAa SKCTPEMyM TOYKAMH 3KCTPEMyMa
y7100HO Ha3bIBATH HE CaMH TOYKH M,(X,, f(X,)), pacrosoxkeHHbie Ha rpaduke, a JHIIb UX
a0CIHCCHI X, . [I03TOMY B TaJIbHEHIIIEM H3JI0KEHUHU OyIeM MPUIICPKUBATHCS TAKOTO MOAX0/IA.
Heobxooumoe ycnosue sxkcmpemyma. B Touke JTOKaIBHOTO DKCTPEMyMa IPOU3BOIHAS
f'(x) paBHA HYJIIO, €CITM OHA CYIIECTBYET M KOHCYHA.
Touku, B KOTOPHIX f'(x) paBHA HYITI0, 0ECKOHEYHOCTH WJIH HE CYIIECTBYET, Ha3bIBAOTCSI

Kpumuyeckum moykamu (TOYKaMHd BO3MOKHOTO IKCTPEMYMa).

3ameuanue 2. QyHKIHSA MOKET UMETh IKCTPEMYM TOJBKO B KPUTUUECKOU TOUKE, HO HE
B JII000M KpUTHYECKOW TOUKe (YHKIUS MMEET SKCTpeMyM. PemuTs Bompoc o ToMm, Oyaer
JaHHAsl KPUTUYECKAsI TOUKA TOYKOM 3KCTPEMYMa UJIM HET, MOKHO € ITOMOIIBIO JJOCTATOYHBIX
YCJIOBUM.

Ilepsoe docmamounoe ycnogue sakcmpemyma. Ilyctb f(x) B HEKOTOPOii

OKPECTHOCTH KPUTHIECKON TOUKH X, HMMEET MPOU3BOIHYIO, 38 HCKITIOYEHHEM, OBITH MOXKET,
caMOil TOYKH X,. ECIM Mpu Mepexoj]e CleBa HAMpaBO Yepe3 KPUTHYECKYI0 TOUYKY X,
npou3BoaHas f'(x) MEHsIET 3HAK, TO B TOYKE X, QyHKIHUS f(X) MMEET JIOKaIbHBIN IKCTPEMYM.

Nmenno: ecnu f'(x) MEHSET 3HAK C IUIFOCA HA MUHYC, TO B TOUKe X, QyHKIms f(X)
MMeeT JIOKaIbHbIH MakcuMyM (Max), ecrnu f'(x) MeHsSeT 3HaK ¢ MHHYCA Ha IUTIOC, TO B TOYKE
X, — TOKANbHBIA MUEEMYM (Min).

Ecnu npu mepexojie 4epe3 KPUTHUECKYIO TOYKY MMPOM3BOIHAS 3HAK HE MCHSET, TO B
ATOM TOYKE IKCTPEMyMa HET.

Bmopoe odocmamounoe ycrosue noKaibho2co dkcmpemyma. Ilycth
¢byHkims f(x) B OKPECTHOCTH KpPUTHYECKOW TOYKH X,, B KoTopou f'(x)=0, wmmeer

HENPEPBLIBHYIO BTOPYIO Npou3BoaHyro f’(x). Torma ecmu f"(x,)<0, TO X, €CThb TOUKa
JOKaNbHOro Makcumyma ¢Qynkuuu  f(x), ecam  f7(x,)>0, TO X, —TOuka JIOKAJILHOTO

MHUHHMYMa.
Tpemve Odocmamounoe yclrogue JLOKALbHO20 O9Kcmpemyma. IlycTtb
¢GyHKIUs f(X) B HEKOTOPOI OKPECTHOCTH TOYKU X, MMeeT mpomu3Boaubie f'(x), f”(x), f"(x)

yerry FOP(X) ¥ B TOUKE X, HEMPEPBHIBHYIO IPOM3BOAHYIO N-T0 Topsiaka f"(x,). [Ipuuem
f'(%)=0, f"(%)=0, f"(x)=0,...,f "(x,)=0, f™(x,)=0.
Torna:
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1) ecnu N—4YeTHOE YHCIO, TO B TOUKe X, QYHKIMs f(x)HUMeeT IKCTPEeMyM, a UMEHHO:
makcumyM 1pu @ (x,)<0 u munumym npu ™ (x,)>0;
2) eci N—HEYETHOE YKCIIO, TO B TOUKE X, PYHKIIHS IKCTPEMyMa HE UMEET.
Cxema uccnedoanus hYHKYuUU Ha SIKCMPemMym
1. Haiitu o6nacTh onpeneneHus GyHKIUH.
2. HaiiTu KpuTHYECKHE TOYKH, KOTOpBIC JieXKaT BHYTPH OOJAacTH OMpeesICHUs
byHKIIH.
3. Kaxnyio KpuTHUECKyI0 TOUKY MCCIIENOBATh C MOMOIIBIO OJHOTO M3 JOCTATOYHBIX
YCJIOBHM JIOKAJIbHOTO 3KCTPEMYMa.
4. Pe3ynbTaThl CCIEIOBAaHUS OQPOPMHUTH B TAOJIUILY WM HA YUCIOBOM MPSMOIA.
IIpumep. HaiiTi TOYKH JIOKATBHBIX SKCTPEMYMOB QYHKIMH Y =3/1— x* .

Pewenue.
1. 3apannas GyHKIUS ONpeaeseHa Ha BCel YUCI0OBOM MpAMOi: X € R,

o1 V-2 2X

2. Haxogum vy 25(1—X )3'(—2X):__33 (1 2)2 :
3lL—x

2X

33\/(1— x2)2

1-x*=0 wim mpu x,=-1, X, =1 Yy He cymecrByer. OyHKIHMI Y OINpeAeIcHa Ha BCei

Pemass ypaBHenue y'=0 wmm - =0, nmomydaem x, =0. Kpome Ttoro, mpu

YHCJIOBOW MPSIMOM, CIEIOBATEIIBHO, BCE HAMJICHHBIC TOUKH SIBIISIFOTCA KPUTUUYECCKUMU.

3. Hccnenyem nmoodepeHo KPUTHUYECKHUE TOUKH C MOMOIIIBIO MEPBOTO JOCTATOYHOTO
YCIIOBUSA JIOKAUIBHOTO 3KCTpEMYyMa. [{JIs1 3TOro Onpeaeanm 3Haku Y CJIeBa U CIIpaBa OT KaX 10U
KPUTHYECKOM TOYKH. Ecim —co<Xx<-1,T10 y'>0, ecmu —1<x<0, 10 y'>0;mmpu 0<x<1 y'<0
, IpA 1< X <+0 y' <0,

4. Pe3ynbTaThl HCCIIEIOBAHUS 0()OPMUM B BUJIE TAOJIHITHI.

(~0,-1) 1 (-10) 0 1 (1,4+0)
+ i + A A -
HCT ma HCT
el 9KCT = X ~. JKcTp ~a

p- .

3aMeTHM, 4TO pe3yJbTaThl UCCAEAOBAHUS YI00HO 0OPMIISITh U Ha YUCIOBOM MPSIMOA.
Omeem: OyHKIUS BO3pACTaeT HA IPOMEXKYTKax (—,-1) (-10); yosBaer Ha (01) n

(1’+°O); HMECT OJIUH DKCTPEMYM Y, . = Y(O) =1.

16. ®yHKIIUN HECKOJbKHUX MEePeMEHHbIX
Eciu kaxa0ii Touke M(X,,X,,...X, ), IPHHAIEKAIIEH HEKOTOPOMY MHOXKECTBY €2

(T. €. KaXJAOMY YIOPSIIOUCHHOMY Ha0Opy M3 N IEUCTBUTEIBHBIX YMCEN), M0 KAKOMY - TO
3aKkOHY f CTaBUTCS B COOTBETCTBME €IMHCTBEHHOE 3HA4Y€HUWE U € R, TO roBOpAT, YTO Ha

MHOKECTBE Q omnpesieneHa (0THO3HAYHAS) PYHKYUSA N NEPEMEHHBIX X, X,, ..., X, . O003HaYaIOT

TakK:
U= f(X, %X, ) mIH U=U(X,%,,....,x,) H u=f(M) mm u=uM).
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MHoxectBO Qc R" mnpu 3TOM Ha3bIBAOT obaacmvio onpeoeieHus QyHKIUU
u=f(x,%,....x,)-

Yame Bcero uCHONB3YIOTCS (YHKIMM ABYX W TPEX TMMEPEMEHHBIX, KOTOPHIC
0003HaYar0TCsI, COOTBETCTBEHHO, z = f(X,y) Win z=2(x,y) U u=f(x,y,z) Wi u=u(xy,z).
OOGnacTteio ompesencHus (YHKIUUA JBYX IEPEMEHHBIX CIY)KUT HEKOTOPOE MHOXKECTBO
IJIOCKOCTH, (YHKIUM TpeX TEPEMEHHBIX — HEKOTOPO€ MHOMXECTBO TPEXMEPHOIO
npocTtpancTBa. [ paduk GyHKIMH IBYX MMEPEMEHHBIX MPEACTABIAECT COO0M MOBEPXHOCTD.

17. YacTHbIE MPOU3BOAHDBIE

Yacmuoii npouzeo0Hoti QYHKIUU U= f(xl,xz,...,xn) IO OJHOM U3 €€ HEe3aBUCHUMBIX

MEPEMEHHBIX X, (i =12,..., n) Ha3bIBACTCS CIICIYIONIAsi IPOU3BOIHAS

o AU U(Xy, X0 X+ AX ey X )= U(X, Xy, X))
axi a0 AX; A% —0 AX. '

1
[pupatenne A, U =U(X;, Xy X; + AX; oy X )= U(Xy, Xy peeey Xi 1y X, ) TIDH 3TOM  HA3BIBAETCS
yacmubiM npupaujenuem 3a0anHot @yuKyuu no nepemennol Xi. YacTHBIE NPOU3BOIHBIE
ou
0003HAYAIOT TaK: o uj, . OyHKIHS N TEPEMEHHBIX HMEET N YaCTHBIX MPOU3BOIHBIX
i
TIIEPBOTO TIOPSIKA.
DyHKIUsS IBYX IEPEMEHHBIX z=2(X,y), B 4YaCTHOCTH, HMEET [BE 4YaCTHEHIE
IPOU3BOHEIE IIEPBOTO MOPSIKA: 10 IEPEMEHHON X M IO epeMeHHoi Y . OHU onpenensoTcs

paBeHCTBAMU:
% _ i A _ jim X)) e A2 2y e AY)-2xy).
OX M=0 AX AX—0 AX 6’y Ay—0 Ay Ay—0 Ay

[Ipu HaXOXJEHUU YACTHBIX MPOU3BOJIHBIX (PYHKIIUN HECKOJIBKHX IMEPEMEHHBIX
MOJIB3YIOTCSL U3BECTHBIMU TpaBWiIaMH U (popMynamu qudpepennnpoBanust GyHKIUNA OJTHON
IIEPEMEHHON U CIEAYIOIIHUM ITPABUIIOM.

llpu ouppgepenyuposanuu QyHKyuu HeCKoIbKUX NEPEMEHHbIX NO OOHOU U3 HUX BCe
ocmanvHble nepemMeHHble ciedyenm Cuumams noCMosHHbIMU.

IIpumep. HaliTu Bce 4acTHBIC MPOU3BOTHBIC IEPBOTO MOPSAKA GYHKIIUH Z = X°y° +e*.

Pewenue. 3anana QpyHkuus AByX nepeMeHHbIX. CuuTasi Y TMOCTOSHHOW BEJIMYUHOU

(mosTomMy BBIHOCS €€ 3a 3HAK MPOM3BOJIHOM B MEPBOM ClIara€MoOM), HAXOAUM YaCTHYIO
MPOM3BOJHYIO TIO IEPEMEHHOU X !

0z 5.3 ' 5.,3) ' 3 Ey4 4,3
&:( y +ex)x :(x y )X +(ex)x =y -5x" +e* =5x"y’ +e”.
[Ipy HaXOXKAEHUY YACTHOW NMPOU3BOAHOMN MO Y TMEPEMEHHYIO X CUUTAIOT NOCTOSIHHOM
BEJINYNHOM:
oz 5,3 . ax) 5.,3) " x) ' _ 5 a2 5,,2
5:( y'+e )y :(x y )y +(e )y =Xx"-3y"+0=3xy".

ITpon3BogHas BTOPOIO CJIAraéMoro 1o NepeMeHHON Yy paBHaA HYJIO Kak MPOU3BOJHAs
ITOCTOSIHHOW BEJTMYMHBI.

Omeem: & =5x*y* +e%; a =3x°y?.
X oy

YacTHble TPOU3BOIHBIE IEPBOTO MOPSAKA GYHKIUHA HECKOJIBKUX EPEMEHHBIX OOBIYHO
3aBUCAT OT TE€X JK€ MEpPEeMEHHbIX, 4To U cama ¢yHKuusd. [loaToMy uX Takke MOXKHO
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muddepeHupoBaTh MO KaXJAOW K3 MEepeMEHHbIX. YacTHble MPOU3BOJHBIE OT YACTHBIX
IIPOU3BOJIHBIX MEPBOI0 MOPSAJIKA HA3BIBAIOTCS YACMHLIMU NPOU3BOOHBIMU 8MOPO20 NOPSAOKA
3alaHHON (DYHKIIMH.

HNEPEYEHDb TEOPETUYECKHUX BOITPOCOB JIs1 IOAI'OTOBKH K
IK3AMEHY
Juneiitnaa anzeopa, ananumuueckas zeomempus, 6eKmopHas anzeopa

1. Omnpenenurenu. CBoilcTBa omnpenenurencid. BeruncieHue onpenenurens myTemM
Pa3I0KEHHUS 110 CTPOKE HIIU CTOJIOIY.

2. Matpuupl. JluHeiHble omnepanMu HaJ MAaTpUIAMH: CIOKEHUE, BBIYUTAHHE,
YMHOKCHHE Ha 4YMCIJIO. YCIOBHMS UX BbINOJNHEHUsA. [IpousBeneHne Mmatpuu.
CaolicTBa onepanuii HaJl MaTPULIAMH.

3. Panr wmaTpuupl: ompeAeNeHue W aJrOPUTM HAXOXKICHMs. OJEMEHTapHbIC
peoOpa3oBaHusl MAaTPULIBI.

4. Cucrembl NUHEWHBbIX ypaBHeHMH. [loHsiTe pemeHus cuctembl. COBMECTHBIE U
HECOBMECTHBIE CUCTEMBI. PAaBHOCWIBHBIE CUCTEMBI.

5. Martpuua u paciiupeHHas MaTpulla CUCTEMbI JMHEMHBIX ypaBHEHUNH. MaTpuuHas

3aIIUCh CUCTEMBI.

HccnenoBanne cuctem Ha COBMECTHOCTh. Teopema Kponekepa-Kanemm.

7. Meron Kpamepa penieHusi cucTeM JUHEHHBIX ypaBHEHUN: (GOPMYJbl U yCIOBUE
IIPUMEHEHUS METO/IA.

8. Cytp meroma ["aycca. Ilpsimoit u oOpaTHbIii xon. [loHATHS 00IIEro M YaCTHOTO
PEILICHUN CUCTEMBI.

9. Bextopsl. KonuHeapHOCTh U KOMILIAHAPHOCTH BEKTOPOB. JIMHEHHbIE omnepanuu
HaJl BEKTOPAMHU: CJIOKEHUE, BBIYUTAHUE, YMHOKEHUE HA YUCIIO.

10.CkansipHoe MpoOU3BENECHUE JBYX BEKTOPOB, €ro CBOWCTBA, BBIUMCICHHE B
KoopAuHaTHOH (opme. ['eoMeTprueckre NpuiI0KeHNs CKAISIPHOTO MTPOU3BEICHU:
BBIYMCJICHUE YIJla MEXKJY BEKTOPAaMH, YCIOBHUE NEPHEHIUKYJIIPHOCTA BEKTOPOB,
JUIMHA BEKTOPA.

11.BekTopHOEe MpOM3BEIECHUE NIBYX BEKTOpPOB: MOHATHE W cBoiicTBa. HaxoxxaeHue
BEKTOPHOTO TPOM3BEAECHUSA 4YEPE3 KOOPAMHATBI COMHOXUTENEH. Bpruncienue
IJIOIIA/IEN MapaJieJorpaMMa U TPEYroJIbHUKA Yepe3 BEKTOPHOE TPOU3BEICHUE.

12.CmemanHoe Tmpou3BeqeHNE Tpex BEeKTOopoB. [loHsATHE, CBOWCTBA, BBIYUCIICHUE,
MPUIOKEHUS K HAXOXKIEHUIO 00OBEMOB.

13.Ilpssmast Ha TUTOCKOCTH. YpaBHEHHE MPSAMOH, MPOXOJSIICH Yepe3 JIBE 3a/IaHHbIE
TOYKH.

14 Tlpsimas nuHUS B mpocTpaHcTBe. KaHOHMYECKHME ypaBHEHHs MPSMOW JIMHUH B
IIPOCTPAHCTBE. Y PABHECHUS NIPAMOM, TPOXOISIIEN Yepe3 ABE 3aJaHHBIE TOUKHU.

15.1Tnockocth. OOmMIEE ypaBHEHHE IIJIOCKOCTH, BEKTOp HOpPMalW. YpaBHEHHUE
IJIOCKOCTH, POXOISALIEN Yepe3 TpU 3aJaHHble TOUKU. ONpenesneHne yria Mex Iy
IIJIOCKOCTSAMM. Y CJIOBUS NTAPAJUIEIIBHOCTH U NEPIIEHAUKYIAPHOCTH TUIOCKOCTEMN.

16.Bpruncienne yrioB Mexay MNPsSMOM U TUIOCKOCTBbIO, MEXKAY ABYMS MPSIMBIMHU,
YCJIOBUS APAJUIEIBHOCTH U NEPIEHAUKYJIIIPHOCTU IPSIMBIX, TPSMOU U INIOCKOCTH.

o
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Teopusa npeoenos. /lupghpepenyuanvroe ucuucienue hynkyuii 00Hou u
HeCKOIbKUX NePeMeHHbIX

17.0KkpecTHOCTh U MPOKOJIOTasE OKPECTHOCTh TOUKU. [loHsTHE Tpenena pyHKIUU B
TOYKE, €r0 TEOMETPUUECKUN CMBICII.

18.beckoHeuHo Manble ¥ OECKOHEYHO OOJbIIME BETUYUHBI, CBSI3b MEXKAY HUMH.
CBoiicTBa 0€CKOHEYHO MaNbIX (QYHKIIUH.

19. Apudmernyeckue cBONCTBA MPEACTIOB: MPEAET CYMMBI, IPOU3BEICHUS U YACTHOTO
byHKIHIA.

20.Pa3nuaHbIe TUTTBI HEOTIPEISTCHHOCTEH IPH BEIYUCICHNH MPEEIOB PAIIMOHATBLHBIX
GyHKINNA, METOIBI UX PACKPBITHS.

21.OxBUBaNeHTHOCTh (PyHKIUU. TeopeMa O 3amMeHE SKBUBAJICHTHBIX BEIWYUH O]
3HAKOM TIpejiena.

22.1lepBbIii  3amMeuaTeabHBIN Tpenena. Tabmuila OCHOBHBIX HKBHUBAJICHTHOCTEH,
CBSI3aHHBIX C TIEPBBIM 3aMeYaTeIIbHBIM MTPEICIIOM.

23.BTopoil 3aMeuaTenbHBIA Tpesel, SKBUBAJICHTHOCTH, BBITEKAIOIIME M3 BTOPOTO
3aMeyYaTesIbHOTO IIpeiea.

24.Tlonatue mpou3BOJIHON (DYHKIIMM OJHOW TMEPEMEHHOW, €€ TeOMETPUYECKUl U
¢usnueckuit cmpici. Tabnuua nporu3BOIHBIX.

25.Teopema 0 IPOU3BOAHON CYMMBI, POU3BEACHUS, YACTHOTO (YHKITHIA.

26.ITonsiTie W mpumep CIOXHONW (QyHKIUH. Teopema O MPOU3BOMHON CIOXKHOU
¢Gbynkuun. Tabnuia npou3BOAHBIX AJIA CIOKHBIX (PYHKIUI.

27.1Tpon3BogHBIC BEICIIHX TOPSAAKOB. [IOHATHS 1 METOIBI HAXOXKIACHUS MPOU3BOTHBIX
BBICIIIUX TTOPSIIKOB.

28.11paBusio JlonuTans BEIYUCICHUS TTPEICIIOB.

29.Bo3pacranue (yObiBaHMe) (QYHKIMHM Ha UHTepBaje. JlocTtaTouHoe yCIIOBHE
Bo3pacTanus (yObiBaHUs) QYHKIIMKM HA UHTEPBAJIE.

30.[TonsATHEe MOKaIBLHOTO IKCTpeMyMa (YHKIIMK OAHON nepeMeHHol. HeoOxonumoe
yClIOBHE JKcTpeMyma. JlocTraToyHOoe yClIOBHE JKCTpeMyma [0  II€pBOM
MIPOU3BOJHOU

31.[TonaTre GyHKIIMA HECKOJBKUX MEPEeMEHHBIX. YacTHBIE MPOW3BOAHBIC (HYHKIIMH
HECKOJIbKUX TIEPEMEHHBIX, TPABUJIO UX OTHICKAHUSI.
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